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IloBe^eHHe acHMmoTHKH nojicoKHTejiBHoro cneKTpa ceMeiiCTBa nepaoflHiecKHx 
3a^an IIlTypMa— JlHyBHjijia npn HenpeptiBHOM nepexo^e ot ^ecpHHHTHoii k 

HH^ecpHHHTHoii 3a,a;aHe 



- 1—^ 

X 



— (x) + \ 2 {g(x)-a)u{x) = 0, 



(1.1) 



J\. A. IlonoB 

Ahhotal(hji. PaccMaTpHBaeTca sa^a^a o cneKTpe 3aBHcamero ot napaijeTpa a S R ceMeiiCTBa nepaoflHiecKHx 
3a^;aH IIlTypMa-JIjiyBjijijia fljia ypaBHeHiia BHfla u" + X 2 (g(x) — a) u = 0, r^e A — cneKTpajiBHBifi napaMeTp. 
IIpeflnojiaraeTca, ito g : R — > R — flOCTaTOiHO rjia^Kaa nepaoflHiecKaa (jjysKijHa, HMeiomaa Ha nepucme o^hh 
Q ' npocToft MaKCHMyM g(xmax) = ai > h OflHH npocToft MHHHMyM g{x m in) = 0,2 > 0. Kpoiie Toro, npefl- 

^ ' ncuiaraeTCa, ito 4>y HKI I™ S 1 ^ — x min) H g(:r — x m in) aBJiaiOTCa iSthbimh. Ilpa 9thx npeflnojioaceHHax Ha 

1 bcgm HHTGpBajrG ^ a < ai , BKjifonaa OKpecTHOCTH ToneK a = ai h a = 0,2, 3bho bbihhcjtghbi nepBBie ^Ba 

uieHa acHMnTOTHKH nojiojKHTejiBHBix co6cTBeHHBix 3HaieHHii. IIoKa3aHO, ito npa A > 1 cneKTp coctoht h3 
' A B y x BeTBeft A = \±(a,p), HyMepyeMBix bbiSopom 3HaKa ; h u;ejiBiM hhcjtom p £ '$* '• . p ^ 1. IIojiyHeHa e^n- 

£N) ' Haa HHTepnojiaL(HOHHaa (popijyjia, onacBmaiomaa noBefleHHe schmiitothkh BeTBeii cneKTpa npa nepexo^e ot 

^ecpHHHTHoft (KjiaccHnecKoft) npn a< tt2 k HH^;e(J)HHHTHOH npn a > <22 3a#ane. 

CO ; 

'■^ I § 1. BsefleHHe 

B HacToameii pa6oTe paccMaTpnBaeTca nepnoflnnecKaa 3a,iiana niTypMa-JInyBnjijifl 

dx 2 

du du 
u(-n) = u(tt), — (-tt) = — (?r). 
i da; da; 

3^ecb <? : K — * K — ^ocTaTOHHO ruaflKaa nepno^nnecKaH, c nepno,n,OM 27r, (pyHKnna, A — cneKTpajibHbra na- 
paMeTp, n a G R — napaMeTp. Oyinaniio g mojkho paccMaTpHBaTb kbr (pyHKipno Ha OKpy)KHOCTH S 1 , npn- 
neM npe^nojiaraeTca, nTO TaM cma HMeeT o^hh npocToii MaxcnMyM g(x m ax) = at M o^hh npocToii MHHHMyM 
\^ \ g(xmin) — a-2- ToHHoe onncaHHe Kjiacca Q paccMaTpnBaeMbix (pyHKiniii g 6ya;eT ^aHO b |§ 2| YpaBHeHne Q1.1J1 

He MeHaeTCH npn oflHOBpeMeHHoii 3aMeHe a i— > a + C, g(x) h-> g(x) + C, h nosTOMy mm 6y#eM CTHTaTb, hto 
^5 a,2 ^ g(x) ^ at. Tax xax npn a > a\ ypaBHeHne (|l.ip He HMeeT nepncyniHecKHx penieHHii, to orpaHHHHMca 
paccMOTpeHneM HHTepBajia U, b kotopom < a < ai. B paccMaTpnBaeMoii 3a^,ane npn ^ a < a2 HeT Tonex 

SnoBopoTa — Hyjieii (pyHKLtnn r(a;) = g(x) — a. ITpn 02 < a < ai Taxnx ToneK ^Be, n ohh cjinBaiOTCH npn a = ai 
(i = 1,2). TaKHM o6pa30M, npn a = 0,2 nponcxo^HT HenpepbiBHbin nepexofl ot ^ecpHHHTHon (Kjiaccn^ecKon) 
k HH^ecpHHHTHoii npn a > a2 3a^,ane IIlTypMa-JlHyBHjmH. HanoMHHM, hto xpaeBaa sa^a^a jtJisi ypaBHeHna 
—y" + q(x)y = nr(x)y (a ^ x ^ b) Ha3biBaeTCH flecpHHHTHoii, ecjin r(x) > (a; € [a, 6]), h HHflecpnHHTHOH, ecjin 
(pyHKiiHfl r(a;) MeHaeT 3Hax Ha HHTepBajie (a, b). 

IJejib HacToamen pa6oTbi coctoht b nocTpoemin paBHOMepHOH no napaMeTpy a € U Ha bcSm nojiynH- 
TepBajie U (0 ^ a < a±) acHMnTOTHKH nojio>KHTejibHbix co6cTBeHHbix 3HaHeHHii A = A (a) npn A — * oo. Hn»ce 
Taxaa acHMnTOTHKa 6y,a;eT nocTpoeHa npn npeflnojioaceHnn hcthocth (pyHKiinn g{x), b cootb6tctbhh c kotopmm 
(pyHKH,HH g(x — Xmin) h g(x — x max ) npe,n,no.naraiOTCH neTHMMn. 

Ilpn a < oi (pyHKH,Hfl r(x) = g{x) — a > 0, h c noMOinbio npeo6pa30BaHHa JlnyBHJiJia [U [2] 
y(z) = (r(a;)) 1 / 4 u(a;), z = B^ 1 f* x r x / 2 (x) dx, B — j^ 7T r 1 ^ 2 (x) dx 3a,n;ana {HH cbo^htca k KjiaccHnecKoii 



3a^aHe niTypMa-JlnyBnjuiH 



dz 



2 {z) + (X-q(z))y{z) = 0, (0 < z < 1), 



V(0)=y(l), ^(0) = ^(1). ( } 

dz az 



IlpH 9TOM 



, , i? 2 ( d 2 r 5 I dr\ ~ n2>2 
9(^ = 7^ (jZ2-TZ'jZ)> ^B 2 X 2 . (1.3) 



4r 2 V da; 2 A r dx J 
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CneKTp sa^aHH (|1.2j) xopoino h3bgctgh [2l HI H] ■ Co6cTBeHHbie 3HaneHna A& o6pa3yiOT 6ecKOHenHyio nocjie^o- 

BaTejIbHOCTb BHfla 

- oo < A < Ai ^ A 2 < . . . < A 2 „+3 < A 2 „- 2 < A 2n -i < A 2 „ < A 2 „+i < . . . (1.4) 

IlpH 9TOM C06CTBeHHbie (pyHKIIHH y2n-l{ z ), U2n( z ) > OTBenaiOTEHe C06CTBGHHbIM 3HaneHHHM A 2 „_l, A 2 „, HMeiOT 

2n Hyjieii Ha nanyiiHTepBajie [0, 1), n A 2ti _i, A 2n HMeiOT o^HHaKOBoe acnMnTOTHnecKoe pa3Jio»ceHHe BH^a 

\ 2n = 2im+ — + % + ..., (1.5) 

ecjiH (pyHKinia g(z) — rjia^Kaa. B HHTepecyiomeM nac cnynae q(z) — > oo npn a — > a 2 — 0, h pa3Jio>KeHHe l|1.5p 
He HBjiaeTca paBHOMepHMM no a bo Bcefi o6jiacTH a ^ a 2 . 

PaccMOTpnM o6jiacTb a > a 2 . B stoh o6jiacTH (pyHKipia r(;r) = .g(ir) — a MeHaeT 3HaK, h mm HMeeM ,a,ejio 
c HH^ecpHHHTHoii 3a,n,aneH niTypMa-JlnyBHJuia. 3Ta 3a,n,ana pjia ypaBHeHHa y" + (fir — q)y = Ha kohbhhom 
HHTepBajie (di, d 2 ) npn pa3#ejieHHbix rpaHHHHbix ycjiOBHax y(di) cosaj — y'(di) sina^ = (i = 1, 2) paccMaTpn- 
Bajiacb b pa,i;e cpaBHHTejibHO He^aBHHx pa6oT [6j-[13j. C tohkh 3peHna cneKTpajibHon TeopHH, HH^ecpHmiTHaa 
3a,a;aHa BnncbiBaeTca b paMKH TeopHH onepaTopHbix nynKOB h TeopHH npocTpaHCTB c HHflecpnHHTHon MeTpHKoii. 
B yKa3aHHbix pa6oTax, b nacTHOCTn, noKa3aHO, hto paccMaTpnBaeMaa 3a,iiana mo^kst HMeTb KOHenHoe hhcjio 
HeBemecTBeHHbix co6cTBeHHbix 3HaneHHn, h cymecTByiOT #Be 6ecKOHenHbie nocjie^OBaTejibHOCTH fi^ — ► ±oo 
(n — ► oo) BemecTBeHHbix co6cTBeHHbix 3HaneHnn, ^,jia kotopmx HMeeT MecTO acHMnTOTH^ecKaa (popMyjia 



fit ~ ±7T 2 « 2 



J (r±{x)) 1/2 dx 



t±{x) — max{±r(i), 0}. (1-6) 



IlojiHoe acHMnTOTH^ecKoe pa3Jio»ceHHe BemecTBeHHbix co6cTBeHHbix 3HaneHHn #jia 3a,n,anH c pa3#ejieHHbiMH 
rpaHHHHMMH ycjiOBHaMH h N npocTMMH TOHKaMH noBopoTa nojiyneHO b pa6oTe [14] . ITepHO^HHecKaa 3a,a;aHa 
npn aHajiorn^Hbix npeflnojioJKeHHax paccMaTpHBajiacb b pa6oTe [15]. MeTOfl CKjieHBaHHa acnMnTOTHnecKHx 
pa3Jio»ceHHH, Hcnojib3yeMbiii b sthx pa6oTax, npe,a;nojiaraeT, hto paccToaHne Meac^y TOTKaMi noBopoTa orpa- 
HnneHO CHH3y, h He no3BOJiaeT nojiyHHTb paBHOMepHbie hchmiitothkh , npnro^Hbie b oxpecTHOCTax Tonex a = 
(i = l,2). 

Tax Kax npn BbinojiHeHHH ycjiOBHa neTHOCTH nepnoflnnecKaa 3a#ana cbo,h,htch k flByM 3a#anaM c pa3^ejieH- 
hmmh rpaHHHHMMH ycjiOBHaMH, to b o6jiacTH a\ — c\ ^ a a 2 + c 2 (a > 0) b Hanieii 3a,a;aHe mojkho BOcnaiib30- 
BaTbca pe3yjibTaTaMH pa6oTbi [14] . B HacToameft pa6oTe MeTOfl CKjienBaHna He Hcnojib3yeTca h Hcnojib3yeMbiii 
HHJKe MeTO^j, MO,a,ejibHbix ypaBHeHHii no3BOJiaeT nccne^OBaTb acHMnroTHKy cneKTpa npn Bcex a G U . 

Yme ^aBHO 6bmo hcho, nTO npn bo3mojkhocth cnnaHHa ^Byx npocTbix Tonex noBopoTa b xanecTBe MO^ejib- 
Horo ypaBHeHHa Heo6xo,n,HMO Hcnojib30BaTb ypaBHeHne Be6epa (cm. KHHrn (TJ, [2], pa6oTy |16] h nnTHpyeMyio 
TaM jiHTepaTypy) . HccjieflOBaHHio cneKTpa 3a,a;aHH (| 1 . 1 j) Ha ocHOBe stoh H^en nocBHmeHa nepBaa ^acTb pa6oTbi 
[16] . Pe3yjibTaT pa6oTbi [16] . Kacaroirniiica paccMaTpHBaeMoii sa^a^H, mojkho ccpopMyjinpoBaTb cjie^yionTHM 
o6pa30M. ITpn A > 1 HMeiOTca ,a;Be bctbh cneKTpa \±(a,p), rjie p G Z + , p>l,H ohh Haxo,a;aTca H3 ypaBHeHHii 

\F(a) — 2irp + G±(\, a). (1.7) 

B 9thx ypaBHeHHax 

F(a) = J \/g{x) -adx. (1.8) 

g(x)>a 

B (popMyjie (|1.8p HHTerpnpoBaHHe Be^eTca no nepeceneHnio o6jiacTH g(x) > a c nepno^OM h 

f ± | + (A-/3lnA) (a 2 + CX-y^a< ai) 
\ 0(A- 2 / 3 lnA) (0 < a < a 2 - CA" 2 / 3 ), 

r,a;e C > — HeKOTopaa KOHCTaHTa. Hcnojib3yeMbiii MeTO,a; no3BOJiaeT HaiiTH acHMnTOTHKy (pyHKiinfi G±(A, a) 
h npn | a — a 2 | ^ CA -2 / 3 . B pa6oTe |16| yTBepjK^aeTca, hto acHMnTOTnnecKn Becb nojiojKHTejibHbiii cneKTp 
CBO^HTca k AByM yKa3aHHMM BeTBaM A±(a,p). 9to Haxo^HTca b nojiHOM cootb6tctbhh c pe3yjibTaTaMH pa6oT 
[6]-[9j, [14] . b kotopmx paccMaTpHBaeTca 3a,a;aHa c pa3flejieHHbiMH rpaHnnHbiMH ycjiOBHaMH. 
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3clmgthm, hto xots to^kh cneKTpa X±(a,p) HyMepyiOTca n,ejibiM hhcjiom p, ho ocTaeTca sa^a^a o cbh3h 

^HCJia p C GCTGCTBGHHbIM HOMepOM 71 C06CTBeHHbIX SHa^eHHH X n ,a, ynOpaflOHeHHblX nO BejIHHHHe 

• • • A n — l,a ^ A rlj a ^ A n +i ja ^ . . . 

Ilpn peineHHH stoh 3a^,anH Ha^o y^HTMBaTb, hto pjin HH,n,e(pHHHTHOH nepHOflH^ecKoii 3a^,anH ocuHJuiainiOHHaa 
TeopeMa, ycTaHaBjiHBaiomaa CBa3b HOMepa n c hhcjiom Hyjiefi cooTBeTCTByioin,eH co6ctbghhoh (pyHKnnn, no- 
BiflHMOMy, flo chx nop He ,a;0Ka3aHa. 

Tax Kax CTaH^apTHOMy BKB npn6jin}KeHHio OTBenaeT G± — npn a < 02 n G± = ±7r/2 npn a > (22, to 
BbinienpnBe^eHHbiH pe3yjibTaT (|1.7|) , l|1.9p coctoht b yxasaHnn rpaHnn, npnMeHHMOCTn stoto npn6jin>KeHHH n ero 
tohhocth. K co»cajieHHio, HeTonHOCTH, ,n,onyineHHbie b pa6oTe [16j, npHBO^aT k TOMy, hto sth rpaHHHii yKa3aHbi 
HeBepHO, n paBeHCTBO l|1.9p HeBepHO npn \a — 02! < CA -1 / 3 . 3aMeTHM, nTO pe3yjibTaT (|1.9p npoTHBopennT 
pe3yjibTaTaM pa6oT |14L 115] . H3 kotopmx, TaK »ce KaK n H3 o6meH CTpyKTypbi BKB pa3Jio»ceHHa, cjie,n,yeT, 
nTO b Bbipa»ceHHH G±(A,a) ^oji»ceH co^epjKaTbca njieH Bn^a C(X\a — 02!) 1 (cm. (|l,10p ). 9tot njieH npn 
\o> — 0-2 j ^ A -2 / 3 HMeeT nopa^OK A -1 / 3 , hto npoTHBopennT KajK^OMy H3 paBeHCTB (|1.9p . 

^jia nojiyneHna paBHOMepHbix acnMnTOTHK cneKTpa b HacToameii pa6oTe ncnojib3yeTca tot ace MeTO^, hto 
h b pa6oTe |16| . 3tot MeTO,n, coctoht b ncnojib30BaHHn nojiyneHHbix OjiBepoM b pa6oTe [17] paBHOMepHbix no 
a acnMnTOTHK (pyH^aMeHTajibHoii CHCTeMbi penieHHii ypaBHeHHa |TTT| c paBHOMepHMMH oneHKaMH ocTaTOHHbix 
njieHOB b 9thx acHMnTOTHKax. Kjiacc Q paccMaTpHBaeMbix hhjke (pyHKnnn no cymecTBy coBna^aeT c Kjiac- 
com (pyHKi^nn, paccMaTpHBaeMbix OjiBepoM. Otmcthm npn stom, nTO b pa6oTe OjiBepa ycjiOBHe „neTHOCTH" 
npe^nojiaraeTca BbinojmeHHbiM TOJibKO b o6jiacTn a < 0,2. TaKHM o6pa30M, HHJKe penb h^St 06 aKKypaTHOM 
BbinncjieHHH cneKTpa b 3a^,ane l|l.ip Ha ocHOBe pe3ynbTaTOB OjiBepa. B nacTHOCTH 6yn,eT noxasaHO, nTO b 
(pop M yjie HHl) (cm. f2l3| . (|216j) ) 

±J-— ^ + 0(A~ 2 / 3 lnA) (a-a 2 >CA~ 7 / 9 (lnA)- 1 /3) i 

G±(X,a) = { \ 12Aa 2 (1.10) 
— ^ + 0(A- 1 /2(l n A)-V2) ( a2 - a >CA- 2 / 3 (lnA)- 1 /3). 



BejinnnHa a 2 = a^ia) 6y#eT onpe^ejieHa moice (cm. (|2.ip ) h a| x \a — 0,2]. By^eT noKa3aHO, nTO bo bcSm 
HHTepBajie U(0 ^ a < ai) HMeeT MecTO e,a;HHaa HHTepnojiannoHHaa (popMyjia 

G±(A,a) =H±(b 2 ) + 0(\- 1/2+£ ) (Ve>0) 

c aBHMM yKa3aHHeM BH^,a (pyHKHHH H±(x), h b 3toh (popMyjie 62 = (1/2) • Xa\ npn a > ci2 h 62 = —(1/2) • Xa 2 
npn a < a2- 3aMeTHM, hto ecjin g — rjia,a;Kaa (pyHKijHa, to b o6jiacTH 02 — a > C > BbinojiHaeTca cooTHonieHne 
|A+(a,p) — A_(a,p)| = 0(p°°), a ecjin g — n;ejiaa (pyHKiina, to, k&k noxasaHO b pa6oTax |18LI19| . b stoh o6jiacTH 
npn p — * 00 BbinojiHaeTca cooTHonieHne \X+(a,p) — X-(a,p)\ ~ e _ ^ p . 

Pe3yjibTaTbi OjiBepa no3BOJiaroT (npn g € Q) nojiynHTb paBHOMepHyro no napaMeTpy a acnMnTOTHKy cneK- 
Tpa h b 3a^ane c pa3^ejieHHbiMH rpaHHHHMMH ycjiOBnaMH. KpaTKne saMe^aHna no STOMy noBO^y c^ejiaHbi 



b KOHii,e § 6 Bbi6op nepnoflH^ecKOH 3a^ann CBa3aH c yKa3aHHbiM b pa6oTax |15|, I16|, I20|, I21| npnMeHeHneM 
pe3yjibTaTOB b 3a,a;ane o cneKTpe onepaTopa Jlanjiaca-BejibTpaMn Ha ^ByMepHOM Tope c MeTpHKoii JlnyBHjijiH. 
Be3,iie HHMce npe,a;nojiaraiOTCH BbinojiHeHHbiMH h 6ojibnie He oroBapHBaiOTCH cjie,n;yioiri;He corjianieHHa o 

KOHCTaHTaX. 

ByKBoii C o6o3Ha x iaK)TCH pasjin^Hbie nojiojKHTejibHbie KOHCTaHTbi, He 3aBHcam,He ot napaMeTpa a h, bo3- 
mojkho, 3aBHcam,He ot (pyHKHHH g G Q . Bee sth KOHCTaHTbi MoryT 6biTb abho yKa3aHM. 

Ecjih yTBepjKflaeTca, ^to rjik HeKOTopoii BejinnHHbi HMeeTca oijeHKa BH,a;a 0(f(X,a)) (0(f(p,a))), to sto 
03HanaeT, hto cymecTByiOT 3aBHcain;He ot TOJibKO ot (pyHKiinn g € Q BejinnnHM A, P h A Taxne, ^to VA > A 
(Vp > P) cooTBeTCTByiomaa BejiH^HHa no MOflyjiio MeHbnie, ^eM Af(X,a) (Af(p,a)). YcjiOBHa A ^ 1 (p ^> 1) 
03HanaiOT, ^to cym,ecTByiOT BejinnHHbi A h P, 3aBHcam,ne TOJibKO ot g € Q h Taxne, hto cooTBeTCTByiom,He 
yTBepjK^eHHH cnpaBe^jiHBbi VA > A (Vp > P). B 6ojibniHHCTBe cjiy^aeB, ecjin He bo Bcex, BejinnnHbi A, P h A 
MoryT 6biTb abho yKa3aHbi, ho HH»ce stot Bonpoc He paccMaTpHBaeTca. 

Abtop 6jiaro,a;apeH A. A. UlKajiHKOBy 3a CTHMyjiHpyiomHH HHTepec k stoh pa6oTe. 

§ 2. <3>opMyjiHpoBKa pe3yjibTaTOB 

BBe^eM Kjiacc Q paccMaTpHBaeMbix (pyHKn,HH g. By^eM roBopnTb, hto g € Q, ecjin BbinojiHaiOTca cjiepjio- 
mne ycjiOBHa (l)-(4). 
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(1) g : R — > K — nepnofln^ecKaa cpyHKinia c nepno^OM 27r, HMeiomaa inecTb orpaHHHeHHbix npoH3BO,a;Hbix 
gW(x), \g^(x)\ <C (n = 0,l,...,6). 

(2) <J>yHKnna g HMeeT Ha nojiyHHTepBajie [— tt, tt) o^hh npocTofi mhhhmym b tohkb x m i n H o^hh npo- 
ctoh MaKCHMyM b TOHKe x ma:c . IIpi! 3tom | ^ 1 ^ (a;) | ^ (x ^ x mm ,x max ), g(x max ) = Ol > 0, 

Q^Xmin) ^2 ^ 0, ^(x e;c ) ^ C ^ (x e:E X m i n , X max ) . 

(3) <J>yHKinin #(x - x min ) h g(x - x ma;E ) — nerabie. 

(4) Ecjih a; m i„ = 0, to npii |x| ^ tt BbmojiHiieTCfl TOJKflecTBO <?(x) = gi(x 2 ) , n HCTHafl (pymonia h(x), 
onpe^ejieHHaa npn \x\ tt paBeHCTBOM h(x) — gi(—x 2 ), HMeeT npn \x\ ^ tt no KpanHeii Mepe inecTb 
orpamrqeHHbix npoH3BO,a;Hbix \h^ n \x)\ ^ C (n = 0, 1, . . . , 6). HMeeTca Toxica xq G [0, 7r — C], C > 0, 
Taxaa, ito h(xo) = 0. cPyHKnna ft(x) npn x G [0,xo] HMeeT o^hh npocToii MaxcnMyM b TO^xe x = 0, 
n /i(0) = a2. Ilpn 3tom Ha OTpe3Ke [0, xq] (pyHKnna h(x) mohotohho y6biBaeT, H 

0</i(x)<a 2 , fr (1) (x)<0, (0<|x|<x ). 

YcjiOBHe (3) 6yn,eM Ha3biBaTb ycnoBneM h&thocth. 

3aMeTHM, hto fljia aHajiHTn^ecKnx (pyHKnnn <? — h(x) = g(ix). 

TlpvLBeppM npHMepbi cpyHKiniii H3 Kjiacca Q. K Kjiaccy Q npn x m i n = hjih x max — npHHafljiejKaT 
nepHO^HnecKHe npoflOJiJKeHna (pyHKnnn BH^a g(x) = /(x 2 ) (0 ^ x ^ 7r) npn cooTBeTCTByroiinix orpaHHHemiax 

Ha (pyHKU,HK3 /. MOJKHO IIOKa3aTb, HTO npH X m in = (pyHKUHH BH^a 

oo 

g (x) = J^Cn cosnx, |c| < Ce"™' 1 ^, (5 > 0) 
n=0 

npH BbinOJIHeHHH yCJIOBHH 

OO OO oo 

c n < (n ^ 1), |ci| < - 2^n|c n |, ^ |c„| < c < |c„| ch(7m) 

n— 2 n— 1 n— 1 

TaioKe npiiHafljiejKaT k Kjiaccy Q. 

HHTepecyroinnn Hac nojiynHTepBaji ^ a < a\ napaMeTpa a o6o3HaHaeTca ^epes U. ByzjeM pa3JinHaTb 
Tpn o6jiacTH Ui C U (i — 1,2,3) napaMeTpa a Taxne, hto U — \JUi, Ho onpeflejiemno a s U±, ecjin 

i 

"2 < "o ^ fl < a i; fl £ ^2, ecjin a2 S% a ^ a' Q n a' ^ ao; a € C/3, ecjin ^ a ^ 02. Ilpn a € Ui Ha^ajio 
KOop^HHaT Bbi6npaeTca b TOHKe x max (x max — 0), a npn a € — b tohkc x m i„ (x m i n — 0). TaxnM 

o6pa30M, HHJKe Hepe3 g(x) b 3aBncnMOCTn ot a oGosHa^aiOTca pa3JinHHbie (pyHKiinn n, ecjin npn a € U\ HMeeT 
MecTO TOJKflecTBO g(x) = g(x), to npn a £ [/ 2 U ^3 HMeeT MecTO TOJK,i;ecTBO g(x) — g(x — tt). 

Ecjih a € U\ U t/2, to Hepe3 x\ — —X2, X2 > (xj = Xi(a)) oGosHa^aiOTca tohkh noBopoTa — kophh 
ypaBHeHna g(x) = a. Ilpn a G C/3 ^epe3 xi = — X2, X2 > 0, o6o3HaHaiOTCH kophh ypaBHeHna h(x) = a. 
IIpeflnojiaraeTca, ^to BejinHHHbi ao n a' (pHKcnpoBaHbi h Bbi6paHbi tjikhm o6pa30M, ^to tt — x^ifl) ^ C > 
npn a = ao,a' . H3 ycjiOBHH l|2.3p cjie^yeT, hto \x m i n — x max \ = tt. Ka^ecTBemioe noBe^eHne (pyHKH,HH g(x) h 
h(x) npHBe,a;eHO Ha pnc. [TJ 

B KajKfloii H3 o6jiacTeH Ui (i = 1,2,3) BBe^eM BejiHHHHbi a 2 = a 2 (a), a 2 = a?,(a) corjiacHO cjie,a;yioiri;HM 
onpe^ejiaioinHM hx paBeHCTBaM: 

■ J y/a- g(x) dx, (x € C/i), 

a>g(x) 



a 2 , (x e U 2 ), (2.1) 



a 2 , (x G C/ 3 ). 

3aMeTHM, hto b o6jiacTH Ui BbinojiHeHO a 2 — > npn a — > ai, Tor^a xax b o6jiacTH C/2 U C/3 BbinojmeHO a 2 — ► 
npn a — > a 2 . 



y gr(x) — a dx, 
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y 7 a — g(x) dx, 
y 7 /i(x) — a dx, 



'!■) 
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Be3^e HH»ce 

b^b(X 1 )=[ \ Xa2 fo2 . &2 (A) = n^ (aGt/lUC/2) (2.2) 

[ --\a* I b (a e CT 3 ). 

^jih (J)HKCHpoBaHHoro SHa^eHira napaMeTpa o ^epes A„. a o6o3HaHHM tohki cneKTpa sa^a^ii Ijl.ip npii ix 
ecTecTBeHHOM ynops^OHeHiiii 

■ ■ • < A n _i, < A„, < A„+i, < . . . (ne1 + ). (2.3) 
Teopema. Ilycmb g G Q u paccMampueaemcji 3adana (|l.ip . Tozda cnpaeedjiueu ymeepotcdeHua (1), (2). 
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(1) TlojiooKumejibnasi nacmb cnenmpa npu A > 1, Vo £ f/ cocmoum U3 deyx eemeeu \±(a,p), nyMepye- 
mux eu6opoM 3Hana ± u v^ejiuM hucaom p I, u UMewm Mecmo paeencmea 

A±(o,p) = A° + F(a)- 1 ff±(6 2 (A°)) + i?±(a,p). (2.4) 

B smux 4>opM,yAax 

\° p = \ (a, P ) = 27rp(F(a))-\ (2.5) 
eejiuHuna F(a) onpedejiena e l|1.8p . UMewm Mecmo oxifiHKU 

[ F(a)- 1 ((A°)- 2 / 3 In A°) (a 2 < a < oi), 
R±(a,p) = { , , (2.6) 

u ifiyHKV^uu H± onpedeAJiwmcji paeencmeaMU 

H±(x) = iarctge 7 ™ - x + xln \x\ - argT Q + ix\ , (2.7) 

e Komopux T(-) — zaMMa-^ymiv^un, u eemeb apzyMenma eu6pana manuM o6pa30M, nmo 
argz = 0(z£ K + ) , | argz| ^ n, 

(2) YnopsidoHeHHue co6cmeeHHue 3HaneHUM, \ n>a (|2 .3(1 npw n> 1 ydoeAemeopsvmm coomnomeHUMM 



+ ^a, — J u/ra A_ ^a, — J (n — uemuoe) 

n+l\ ( n+l\ , ,. s (a^^-CA- 1 ), 



A 

A + ^a, — ^ — J uau A- |^a. — ^ — J (n — Henemnoe) 

A + ^a. — J (n — Hemuoe) 

K.a = { / ( a a 2 + CA _1 ), 

A_ a, — - — I [n — nenemHoe) 



(2.8) 



w co6cmeeHHue (fiynimuu, npunadAeotcamue co6cmeeHHUM 3naneHusiM X±(a,p) UMewm 2p nyAeu na 
unmepeaAe [— tt, if). 

CBoiicTBa (pyHKiniii H±(x) 6ynyT paccMOTpeHM hhjkg. 06paTHM BHHinaHHe Ha to, hto 3th (pyHKUHH Henpe- 

PMBHM, HO HX npOH3BO,H,Hbie HMeiOT OCo6eHHOCTb BHfla In \x\ npH X — » 0. CPyHKHHH H±(x) HeMOHOTOHHbl H IX 

Ka^ecTBeHHoe noBe^eHHe acho h3 pnc. [2J 

OcHOBoii fljisi ^OKa3aTejibCTBa ccpopMyjiiipoBaHHoii TeopeMbi ABJiaeTca jieMMa o cneKTpe, ^aromaa, KpoMe 
Toro, HecKOJibKO 6ojiee TO^Hyio HHCpopMainiio 06 acHMnTOTHKe co6cTBeHHbix 3HaHeHiiii. JlflZ (popMyjiiipoBKii 
9Toii jieMMbi, KpoMG BBe,a;eHHbix Bbiine bgjih^hh F(a), a 2 = a 2 (b), b= b(X,a), noHa,a;o6flTca Bejin^HHbi 

k(b) = (l + e 27Tb ) 1/2 -e nb , (2.9) 
BejiHHHHbi ^2 = C2 (i) ; onpe,a;ejiseMbie paBGHCTBaMH 

J ^f^(x)dx = J ^/Cl - o? dC = \t,2\la - o? - y In (I + ^Cf - a 2 J , (a e A x ) 
/" V^Fa^^ y VC 2 - a 2 rfC (a6f/ 2 ) (2.10) 

x 2 a 

7T C2 

| ^(nO-odz - | VCM^ 2 ^ = ^C2 V / Cl+« 2 + yln f| + ^ ' C 2 + a 2 ^j (a € C/ 3 ), 





H BejIHHHHa 



*(A,a) = AC| - 261n(C 2 V2A) + argT ( ^ + «M ■ (2.11) 
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BBe^eM 6ojiee ^eTajibHoe, ^eM U = [J i Ui, pa36iieHiie HHTepBajia U — U = U»=i A*- Ho onpe,n;ejieHHio 
a G Ai = C/i (ao ^ a < ai), 

a G A 2 C t/ 2 (a 2 + CA" 1+£1 < a < af,, < £ X < 1, C > 0), 

aeA 3 cU 2 (a 2 s: a a 2 + CA- 1+£2 , < e 2 < 1/2, C > 0), 

oeA 4 c[/ 3 (a 2 ~C\- 1+e 2 ^a^a 2 , < e 2 < 1/2, C > 0), 

a G A b C t/ 3 (0 < a < a 2 - C*A- 1+£ 'i , < e[ < 1, C > 0). 

JTemma O cnEKTPE. Ilycmb g <E Q , a E U « A > C> 1 —jiw6oe noAoatcumejibnoe co6cmeeHHoe 3nanenue 
djiM, 3adauu {Lj . Tozda 3am ak>6ozo manozo X cyuificmeymm upAoe hucao p G Z + (p > C ^> 1) u eu6op 3nana 
± manue, nmo eunoAnMwmcM ymeepcncdenuM (l)-(5): 

(1) -Ec/tw a G Ai, mo UMeem Mecmo paeencmeo 

XF(a) = 2irp±^ + (V 2/3 In a) . (2.12) 

(2) Ecjiu a G A2, mo Vei manozo, nmo < £1 < 1, UMeem Mecmo paeencmeo 

XF{a) = 2np ± | - + O (V 3 + A" 2 / 3 In a) . (2.13) 

(3) £a« a G A3, mo Ve 2 manozo, nmo < £ 2 < 1/2, UMtem Mecmo paeencmeo 

2k(b) b 2 (b 4 



*(A, a) = 2^ ± arccos - ^ + O + A~ 2 / 3 In A ) . (2.14) 



(4) Ecjiu a G A4, mo Ve 2 manozo, umo < s' 2 < 1/2, UMeem Mecmo paeencmeo 

2k(b) b 2 f b 4 

l + k 2 (b) ~ 2C|A + \ A 

(5) iftviii a G A5, mo Ve^ manozo, nmo < < 1, UMeem Mecmo paeencmeo 



fr(A,a) = 27rp± arccos - ; ^ _ + Q ( _ + A" 1 In A ) . (2.15) 



AF(a) = 2ttp - ± + O (\b\-V 2 + X- 1 ' 2 (In X) 1 ' 2 ) . (2.16) 



PaccMOTpiiM CBoiicTBa (pyHKu;ira H±(x). 
B cjiy^ae |x| 3> 1 BOcnaiib3yeMca (popMyjioii CTiipjiHHra 

/ 1\ 1 m £? 
lnlYz) = I z- - ] lnz - z + - ln27r + y — — ^-^ — - + Oi 

£2 = 1/6, fl 4 = -l/30, (|argz|<7r). 
TaK KaK argT(l/2 + ix) = Imlnr(l/2 + ix), to 

argr(l/2 + ix) = x In |x| - x + ±- + + 0(\x\~ 5 ) 



\ z \-*m-l) 



h cjie,n;oBaTejibHO npii |x| 3> 1 



H±(x)=±--— ^ + 0(|x|- 5 ) (x>0), 

±V ; 2 24x 24- 120 x 3 h 

H± (x) = — 1 +o(\x\- 5 ) (x<0). 

±V ; 24x 24- 120 x 3 Vl 1 ' V ' 



B cjiy^ae |x| -C 1 mojkho B0cnanb30BaTbCH cjie^yronien (popMyjioii (cm. [23j 

V , x \ ( it \ r '( x ) 

IT 

n=0 



argr(x + »») = # (5) + £ - arctg ^) ^(x) = 



r(x) 



H3 KOTopoii cjie/iyeT, hto 

argT ( i + ix) = xtp ( - ) +E 



2x 2x 
arctg ; 



2n + 1 2n + 1 



(2.17) 
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_ 2x 

Pa3Jiaraa cpyHKiniio arctg b pa# Teiijiopa, nanyHHM 

2n + 1 

argT (- + ixj = xtp (-) + ^A 2n+1 ■ x z 
A 2 „+i = (— 1)" +1 - — — — (2m + l)- 2 "- 1 U - ) = 7 - 2 In 2 = -1, 9635 . . 

" + m=0 V V / 

arctge- = J - ^ + 1(^)3 + (^ , 



Tax Kax 



to npn \x\ <C 1 



H ± (x) = ± 5 + ,ln|*|+z(±|-l-^(i))+ -t 3 (t^J - 4j) + O (M 5 ) ■ (2.18) 
IlpflMO H3 onpe^ejieHHii l|2.7p (pyHKuiiii H±(x) cue^yeT, hto 

#+(a;) = ff_(a;) + 2arctge 7ra \ H±(-x) = ±| - ff ± (a:) (2.19) 

h TaKHM o6pa30M floCTaTOHHO npoaHajiH3npoBaTb noBejjeHne cpyHKnira H + {x) npn a; ^ 0. H3 (pop- 
Myji (|2.17p . (|2.18p cne^yeT, ito npn x ^ 9Ta cpyHKinia hmggt MioniMyM b tohkg ~ 0,0293 

h ■ff+^min) ~ 7r/4 — a;^ in . CPyHKiniH H-(x) TaioKe HMeeT ojj,hh mhhimjm b tohkg a;~ in — 1,683 h 
H-(x^ nin ) ~ 7r/2 — 0, 0203. Bii,n, (pyHKHira H±{x) npe^CTaBJieH Ha piic. O 

C KanGCTBGHHOH to^kh 3p6Hii.H nojiy^GHHbiii p63yjibTaT 03HanaeT, hto b paccMaTpiiBaeMoii "3&p$He Bejin^nHbi 
s n ,a — F(o<)^n,a, npn B » 1, a £ [/ BejxyT ce6a Tax »;e, xax BejiH^nHM \/Ak b KjiaccH^ecKoii (^g(Phhhthoh) 
3a,a;aHe HlTypMa-ilHyBHjuiH, t. e. rpynnnpyiOTca b napbi, h Meyupy sthmh napaMH HMeiOTca jiaxyHbi, ninpHHa 
A KOTopbix b paccMaTpiiBaeMoii 3a#aHe HMeeT acHMnTOTHKy BH^a 

F(a) • A = 2tt - 2arctge^ A ) + O ^A~ 1/2 (ln A) 1/2 ) ^ tt + ff+fej + O (A^Qn A) 1 / 2 ) . (2.20) 

§ 3. Pe3yjibTaTbi Ojreepa 

B 3tom naparpacpe 6yayT KpaTKO onncaHbi pe3yjibTaTbi pa6oTbi [17] b toh hx ^acTH, KOTopaa HaM Heo6- 
xofliMa. IlonyTHO 6y^yT BBe,a,eHbi HyjKHbie onpe^ejieHHH, o6o3HaHeHHH, h 6yn,eT ,n,OKa3aHO, hto pe3yjibTaTbi 
pa6oTbi [17J npHMeHHMbi npn g € Q . Kax y»ce OTMenajiocb, KJiacc Q h 6mji onpe^ejieH TaKHM o6pa30M, hto6m 
fljia Hero 6mjih BepHbi pe3yjibTaTbi pa6oTbi |17| . 

Tohkh noBopoTa Xi = Xi(a), x\ = — x 2 , x 2 > 6mjih onpe,a;e,neHbi Bbinie, h npn g £ Q (pyHKHiia £2 (a) HMeeT 
o6paTHyio a — a(x 2 ). PaccMOTpHM (pyHKiniio 

f(x,a) = a-g[x). (3.1) 

Jlfl-K npHMeHHMOCTH pe3yjIbTaTOB OjIBepa ^OCTaTO^HO, HT06bI HMejIH MeCTO npe^CTaBJieHHH 

f(x,a) = (x 2 - xl)pi(x,x 2 ) (aeUi), 
f(x 1 a) = (xl-x 2 )p 2 {x,x 2 ) {a£U 2 ), 
f(x,a) = -(x 2 +xl)p 3 (x,x 2 ) (aeU 3 ), 



b KOTopbix (pyHKijHH pi (x, x 2 ) ^ C > h HMeiOT no KpaHHefi Mepe neTbipe orpaHH^eHHbie npoH3BO,a;Hbie no 
x. KpoMe Toro, npe,a;nojiaraeTCH, hto (pyHKn;HH f(x,a(x 2 )) He B03pacTaeT c poctom x 2 npn a £ U\ U C/3 n 
Hey6biBaeT — npn a £ U 2 . ^oxajKeM, hto sth ycjiOBHH BbinojiHaroTca npn g <E Q h a <E U . IlycTb a € U±. Tax 
KaK X2 y6biBaeT c poctom a (cm. pnc. [1]), to npaMO H3 onpe^ejieHHa l|3.ip cjie^yeT, hto (pyHKu;HH f(x,a(x 2 )) 
y6biBaeT c poctom x 2 . Ilpe^,CTaBJieHHe f(x,a) = (x 2 — x 2 )pi(x,x 2 ) cjie^yeT H3 (popMyjibi Teiijiopa 

1 

f(x,a) = (x - x 2 ) J / (1) (x 2 + s(x - x 2 )) ds = (x- x 2 )fi{x,a). 
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PHC. 2. 



ITpHMeHflH 3aTeM 9Ty (popMyiiy c 3aMeHoii x<i Ha x\ = —x 2 k (pyHKipiH fi(x, a), ncmyHHM, hto npii a G f/a 

l l 

pi(x,a;2) = y df y dsf {2) (x 2 + s(-2x 2 + t{x + x 2 )). 



ycjiOBne px(x, X2) ^ C > cjie/iyeT 113 npoeroTbi Hyjieii ajj (pyHKipiH / h Toro, ^to (/^(O) ^5 — C (C > 0). 
TaKHM o6pa30M, npn a € TJ\ npHM6HHMbi pe3yjibTaTM OjiBepa. Ilpn a € U 2 AOKa3aTejibCTBO aHajiorn^HO h Ha^o 
npocTO 3aM6HHTb / Ha — /. Ilpn a £ U3 3th me paccy>KfleHHfl Ha^o npiiMeHHTb k (pyHKinin f(x,a) = a — h(x). 
TaKHM o6pa30M, npn g € Q h jiio6om a £ U mojkho npHMeaHTb pe3yjibTaTbi pa6oTbi |17j . 

MeTOfl OjiBepa nocTpoeHHH acHMnTOTHK (pyH^aMeHTajibHoii CHCTeMbi penieHHii ypaBHeHKH Ijl.ip ocHOBaH 
Ha npHMGHGHHH npeo6pa30BaHHfl JlHyBHjuiH, 6ojiee onojKHoro, ^eM yxasaHHoe b |§ 1| HyjKHoe npeo6pa30BaHHe 



10 



(cm. pQ, [2j) onpeflejiaeTca coothoiiighhsmh 

u(x) = ( i p'(0) 1 / 2 w(0, x = l p(C), (3.2) 



r^;e w — HOBaa 3aBHCHMaa, a C — HOBaa He3aBHCHMaa nepeMeHHbie. B HOBbix nepeMeHHbix ypaBHemie (|l.ip npii- 

HHMaeT BIfl 

w"{C) = (\ 2 fWf~\wX}) «>(C), (3.3) 

r^e {<p, (} — npoiraBOflHafl BlBapua ({(p, (} — ^"(ip')^ 1 — 3/2 • ((p") 2 (p')~ 2 ). B sthx (popMyjiax h Be3,iie hii^kg 
niTpnx 03HanaeT npoH3BO,zniyio no 

PaccMOTpnM cnynaii a € U\ . Tor,n,a (pyHKinin <p onpe^ejiaeTCH 113 ycjiOBHii 

{v'f f = C 2 - a 2 , cp(a)=x 2 , if(-a) = x x = -x 2 ), (3.4) 
b KOTopbix BejiHHHHa o. = a(a) onpe^ejieHa b (|2.ip . OTCio^a nanynaeM, ito nepeMeHHbie ( i x npii a € XJ\ 

CBH3aHbI COOTHOnieHHflMH 

C 



J V~f = J \/ a2 ~ C 2 (xi < x < x 2 ), 

xx — a 

xi — a 

J \ffdx = J VC 2 - " 2 d( (x < a*), (3.5) 
C 

C 

J y r fdx = J V( 2 -<* 2 d( (x>x 2 ). 

B o6jiacTH U2 (J)yHKn,HH </?(C) onpe,n,ejLaeTca H3 ypaBHeHHH 

(^') 2 /-« 2 -C 2 , (3.6) 

h Bee aHajiorn^HO cnynaio a € f/i, Ha,2;o TOJibKO 3aMeHHTb b l|3.5p / Ha — /. B o6jiacTH U3 (pyHKinia cp onpe^e- 
jiaeTCH H3 ycjiOBHii 

{p>'f f = -a 2 -C 2 , V(0)=0, (3.7) 

h, cneflOBaTejibHO, 

C 

y \f~fdx = J ^a 2 + C d(. (3.8) 



Ilpn Bcex a € U (pymoniH x = HMeeT o6paTHyio (pyHKiniio C — C( x )i KOTopaa mohotohho B03pacTaeT Ha 
OTpe3Ke I a; I ^ ir n 

C2 = CW = -Ci = C(-vr), C2 > O 0. (3.9) 
OT6pacbiBaa b ypaBHeHnn (|3.3p iJieH, coflepjKauniH {ip, £}, nojiynnM b cootb6tctbhh c paBeHCTBaMH (|3.4p . I|3.6p 
h (|3.7p cjieflyionine McmejibHbie ypaBHeHna: 

f"(C) = A 2 (C 2 -« 2 MC) (aet/i), 

«"(C)-A 2 ( a 2 -C 2 M0 (a el/a), (3.10) 
«"(C) = -A 2 (a 2 +C 2 M0 (a€U 3 ). 
JlnHeiiHOH 3aMeHoii KOop^HHaT sth ypaBHemia npHBOflSTCii k ypaBHeHHAM Be6epa 

0(*)=(/*± (3.11) 

Pa3JinnHbie lacrabie penieHHH SToro ypaBHeHHfl Ha3biBaiOTCH (pyHKunsMH Be6epa hjih (pyHKunsMH napa6o- 
jiHiecKoro niuiHH^pa. HnjKe, cjie^ya pa6oTe |17| . 6ynyT Hcnojib30BaTbca #Be KOHKpeTHbie cncTeMbi jiHHeihio 
He3aBHCHMbix penieHHii ypaBHemia (|3.1ip — U((3, z), U (/3, z) h W(/3, ±z). Bee HyjKHbie HaM pe3yjibTaTbi o cboh- 
CTBax 3thx penieHHH co^epacaTca b pa6oTax |17L I24L 125] , <5yHKi];HH U{(3, z), U{j3, z) h W(0, ±z) cjie,a;yiomHM 
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o6pa30M CBa3aHM co CTaH,a;apTHbiMH cpyHKHHHMH napa6ojiiiHecKoro inijiHH,n;pa D v (z) h (pyHKHiiaMH YHTTexepa 
W„, v (z) [26]: 

U(fi,z) = D_p_ 1/2 {z) = 2-l 3 / 2 z- 1 / 2 W_ 1/2l3 ^ 1/4 (z), 
U(fi, z) = tg n/3 • U(P, z) - sec %PU{P, -z), 

W(f3, z) = ^/2k(P)e tnf3/i Re { e ^ /2+1/8) [/ U/3, e~ l7r / 4 z) } , 

W{fl,-z) = ] j^e"^Hm{e l W 2 + 1 ^U {iP,e-"/ 4 z)Y 

B 3thx (popMyjiax (f> = argT (1/2 + i/3), h BejiHiHHa k{/3) onpe^ejieHa b (|2.9|l . IIpH a £ U\ nepBoe H3 ypaBHe- 
HHH (|3- 10[) npHBO,a;HTCH k ypaBHeHHio (|3.1ip co 3HaKOM njiioc b npaBoii lacTH, h b Ka^ecTBe (pyHflaMeHTajibHoii 
CHCTeMbi peineHHH ypaBHeHHH (|3. 10|) rjir v(Q yppGao Bbi6paTb 

MQ = U(0,z), v 2 (Q = U({3,z), 

(3 = -^Aa 2 , z = (V2X. 

B KaiecTBe cpyimaMeiiTajibHoii CHCTeMbi peineHHH mojkho Bbi6paTb h (pyHKnira U(/3,—z), U(/3,—z), h Me»my 

3THMH CHCTeMaMH HMeiOTCa ypaBHeHHH CBH3H 

U(f3, -z) = cos(tt/3)C7(/3, -z) - sm{irp)U{P, z), 

U(/3, -z) = sin(7r/3)I7(/3, z) + cos(tt -p)U(fi, z). [ '~' A2) 

B cjiy^ae a £ C/ 2 U t/3 cooTBeTCTByiomee ypaBHemie p.lOp npHBO^HTca k ypaBHeHHio l|3.1ip co 3HaKOM Mimyc 
b npaBoii HacTH, h b Ka^ecTBe (pyH,n,aMeHTajibHbix chctcm peineHHH ypaBHeHHH l|3.10p Bbi6HpaiOTCH, cooTBeT- 

CTBeHHO, 



«i(C) = w Qa<* 2 ± CV2A^ 
u i (C) = w('-5Aa 2 ±CN/2A) 



i = l,2, (aeC/ 2 ), 
i = 1,2, (aet/ 3 ). 



H3 pe3yjibTaTOB pa6oTbi [17] BbiTexaiOT cjie^yiomHe HyjKHbie HaM yTBepjK^eHHa. 

ITycTb a £ J7i C [0, £2]. Tor,i;a ypaBHeHne l|3.3p npn g £ Q HMeeT flBa jihhchho He3aBHCHMbix peineHHH BH,a;a 

MO = u (-ha 2 XV2\) +Ri(0, 

(3.13) 

MO = U f-^Aa 2 , CV2\) + R 2 (0, 



2 

h npn C S [0, (2] PAR cpyHKHHH Ri(C) h ex npoH3BO,i],Hbix -R^(C) cnpaBefljiHBbi cne^yKuinie OH,eHKH 

i?i(C) = (£(/?, z))" 1 M(/3,z)0 (V 2/3 lnA) , 
fla(£) = _E(/3, z)M(/3, z)0 (\~ 2 / 3 In A 



N ( 3 - 14 ) 

R[ (C) = (£09, z))- 1 N(P, z)0 (A- 1 / 6 In A J , 



R' 2 (C) =E(0,z)N(J3,z)O (A" 1 / 6 In a) 



B 3THX paBeHCTBax (3 = — — Aa 2 , z — C\/2A. ITpn a £ U HaM noHa,n;o6aTca TOJibKO 3HaHeHHH (pyHKUHH £(/?, 2), 

M{(3,z) h N(/3,z) npn /3 > h 2 > p(f3), rpp p(f3) — MaKCHMajibHbiii ^eiicTBHTejibHbiH xopeHb ypaBHeHHH 
U((3, z) = U((3, z), h npn |/3| 3> 1, /3 < 0, BbinojiHHeTCH cooTHonieHne 



p(/3) = 2V^+C(-/3) 1/2 + o(|/3|- 5/6 ) (C ~ -0,366...). (3.15) 
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Ecjih a £ Ui, (3 < 0, z > p(/3), to b paBeHCTBax (|3. 14|) 



E(P, z) = (U(fi, z)) 1/2 (U(p, z))- 1/2 , M((3, z) = [2U(fi, z)U(J3, z)} 



1/2 



N{fi,z) = 



U^((3,z) 



UiM f-(i) 
U{fl, z) 



U(P,z) 



(3.16) 



3^ecb h HH»ce U^)(8,z) — —U(f3,z), U (P,z) = —U(d,z), Hto KacaeTca on,eHKH ocTaTOHHbix uieHOB 

dz dz 

npii £ < 0, to, Kax noKa3aHO b pa6oTe [1TJ, cymecTByiOT ,a;Ba jihhghho He3aBHCHMbix peineHiia w 3 (£), ^(C) 

ypaBHeHHfl l|3.3p Taxne, ^to npn a £ U\ 



w 3 (0 = u(~Xa 2 ,-CV2\j + ife(0, 
MO = u(-±\a 2 , -(V2\) +R A (0, 



(3.17) 



h BejiHHHHbi R 3 (Q , R' 3 (C) npii £ £ [£i , 0] y,a;oBJieTBop.HiOT TeM »ce paBeHCTBaM (|3.14p . hto h i?i(C), -/^(C), a 
Ri((), R'iiC) — TeM ace paBeHCTBaM (|3. 14|1 . ^to h R 2 {C), ^(0) H0 B paBeHCTBax (|3. 14|) Tenepb Ha^o nanojKiiTb 

z = -C\/2A- 

IlpH a £ U\ flJIfl K03(p(pHHHeHTOB A\, B\, A 2 , B 2 B ypaBHeHHHX CBA3H 



t«i(C) =A 1 w 3 (C) + B lW4 {0, 
w 2 (() =A 2 w 3 {0+B 2 w 4 ((), 



HMeiOT MecTO paBeHCTBa 

Ai = sin (| Aa 2 ) + O (a~ 2/3 In A 



B\ = cos 



(|Aa 2 )+o(A- 2 / 3 lnA 
A 2 = cos (- Aa 2 ) + O (V 2/3 In a) , B 2 = - sin (^Aa 2 ) + O (a~ 2/3 In a) 



(3.18) 



(3.19) 



IlepexoflHM k paccMOTpeHHio cjiynaa a £ U 2 . B stom cjiynae HyjKHaa HaM ^acTb pe3yjibTaTOB OjiBepa (pop- 
MyjinpyeTCH cjieflyionniM o6pa30M: npn g £ Q , a £ U 2 hmciotch ,a;Ba jiiiHefiHO He3aBHCHMbix penieHiia tui, w 2 
ypaBHeHiia l|3.3p Taxne, ^to 



Wl (C) = (k(b)y 1/2 W(b, (V2X) + R 1 (Q, (b = ^Xa 2 
w 2 (() = (k(b)) 1/2 W(b, ~(V2X) + R 2 ((), 



(3.20) 



1 



h npn 3tom fljia £ £ [0, C2] CHOBa BbinojmaiOTCH paBeHCTBa (|3. 14[t . b kotopmx (3 = b = —Xa 2 , z — (\/2X, 

E(P, z) = 1. HaM 6ynyT HyjKHbi TOJibKO BbipajKemiH M(/3, z), N(f3, z) npii z cr(/3), r,a;e c(/3) — MHHHMajibHbiii 
nojiojKHTejibHbiii KopeHb ypaBHeHiia fe(&) -1 / 2 W(i>, —z) = k{b) x ^ 2 W{b, —z), 11 npii b^s> 1 



a(b) = 2b 1 ' 2 - cb- 1/6 + O (V 5 / 6 ) (C ~ -0, 366 . . .) 
Ecjih z > <r(b), /3 = /3 ^ h a £ U 2 , to b paBeHCTBax (|3. 14[) 

M[p, z) = [^r 1 ^ 2 ^, z) + /c(6)^ 2 (6, -»)] ~ 1/2 , 



(3.21) 



iV(/3,z) = 



fc(fe)- 1 (V (1) (6,z)) 2 +jfc(6) (T^ (1) (6,-z))' 



-1/2 



(3.22) 



KpoMe Toro, npn a £ U 2 HMeiOTCH flBa jiHHeiiHO He3aBHCHMbix penieHHH 103, W4 ypaBHeHna (|3.3 

w 3 (C) = {k{b)V 1/2 W(b, -CV2X) + R 3 (Q, 
w 4 (() = (k(b)) 1/2 W(b, (V2X) + Ri(0, 



(3.23) 
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fljifl KOTopbix npn ( £ [Ci>0] BejiH^HHbi Rg, t 4,(£), R' 3A (C) cmemiBaiOTCfl tohho tbk »ce, kelk oniicaHO Bbiine npn 
a £ U\. B ypaBHeHiiax cbh3h (|3. 18|) npn a £ U% 

Bi =k(by 1 (l + o(\- 2/3 \n\)) , 

(3.24) 

HaKOHeu,, npn a £ U3 b pa6oTe |17| ,n,OKa3aHO, hto Ha bcSm OTpe3Ke £ £ [Ci ; C2] HMeeTca ^Ba jiiiHefiHO He3aBH- 
ciiMbix penieHiifl w\, w 2 ypaBHeHHH (J3T3J) 

1 



Ai = (A~ 2/3 lnAJ , Si = kQ))- 1 (l + O (A" 2 / 3 In A) ) , 

A 2 = k(b)(l + (A" 2 / 3 In A)) , B 2 = Q (A" 2 / 3 In A 



w 1 (C)=W(b,C^2X) + R 1 (0, [b = --Xa 2 

V 2 ) (3.25) 

w 2 (Q =W(b,~(V2X)+R 2 (Q 

C OD,eHKaMH OCTaTOHHblX HJ16HOB 

RiAO = M(6,z)0 (A" 1 In A) , R[, 2 (0 = N(b, z)0 (A" 1 In A) . (3.26) 
BejnraHHbi M(b,z) 11 N(b,z) npn stom onpe,a;ejisiOTCH coothouighhhmh (|3 . 1 2[) . b kotopmx (3 = b = — — Aa 2 , 



§ 4. YpaBHeHHe flJia cneKTpa 



CV2A 



YpaBHeHHe rjisi cneKTpa nojiyiaeTCH H3 ycjiOBHfl cymecTBOBaHHfl HeTpHBnajibHbix nepno/niiecKHx penieHHii 

ypaBHeHHS , flJIH KOTOpblX ^OJBKHbl BbinOJIHHTbCH yCJIOBHfl 

U(-Tr) = U(7r), ^(-tt) = ^(tt). t 4 " 1 ) 

Ilepexoflfl k nepeMeHHMM £, w (|3 . 2 j) h yiHTMBaa onpe,a;ejieHHH (|3.9p BejiHHHH £i (z = 1,2), nepennnieM ycjio- 

BHH (|4.1P B BHfle 

MCi)(^(Ci)) 1/2 = ^(C2)(^(C 2 )) 1/2 , (4.2) 
I ^ (Cl 3/2 w (Ci) + ^7a«/(Ci) = \ <£ ^T72 W ^) + l -^ E w'(t 2 ). (4.3) 

2(^'(d)) 3/2 (v'{Ci)f 2 2 (^'(C 2 )) 3/2 (^(C 2 )) 1/2 

H3 nepnoflH^HOCTH (pyHKH,HH / l|3.ip h paBeHCTB (|3.9p cjie/iyeT, hto bo Bceii o6jiacTH E7 BbinojiHaeTca paBeHCTBO 
<p'(Ci) = c^'CCa)- Tax k&k ip'(C) > C > 0, to ypaBHemie (|4.2p npHBO,a;HT k paBeHCTBy w(£i) = w(C 2 ). IlycTb 
a £ U\. /IricpcpepeHinipyH ypaBHeHne (|3.4p h yHHTMBaa, hto b cnjiy hSthocth (pyHKiniH g £ G BbinojiHHiOTCH 



paBeHCTBa — (±7r) = 0, nojiy^HM paBeHCTBO <p"(C 2 ) = C 2 (/( 7r )v 5 '(C 2 )) = — ¥>"(Ci)- Tax xax £1 = — C2, to b 
ax 

o6jiacTH Ui ycjiOBHa l|4.2p . (|4.3p npHHHMaiOT bh,u; 

w(-C 2 ) = w(( 2 ) 

v/(-<2) = + tA^(C 2 )- (4 ' 4) 

IlpH BblBOfle BTOpOrO H3 3THX yCJIOBHH 6bIJIO HCnOJIb30BaHO paBeHCTBO 

v"(c 2 ) (^r 1 = c 2 (^'(c 2 )) 2 /(tt)- 1 - c 2 (c 2 2 - ^T 1 ■ 



Toiho Tax »ce nojiyHHM, hto ycjiOBHH (|4.4p HMeiOT MecTO h b o6jiacTH L^, a b o6jiacTH U3 Ha^o TOJibKO b 
npaBoii HacTH BToporo H3 ycjiOBHH 3aMeHHTb £f — a2 Ha Cl + a 2 - TaKHM o6pa30M, rpaHHiHbie ycjiOBHH rjik 
ypaBHeHHH l|3.3p npn Bcex a £ U HMeiOT bh,i; 

w(-( 2 ) = w{( 2 ), ^ 
w'(-C 2 ) = w'(( 2 ) + jw(( 2 ), 

H npH 9TOM 

MCl-aV 1 (a£U 1 UU 2 ) 

_i ( 4 - 6 ) 
C 2 (Cl + a 2 ) (a£U 3 ). 
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HTo6bi nojiyHHTb ypaBHeHne pjisi cneKTpa, 3anHineM o6in,ee peineHne ypaBHemia (|3.3p b BH,a;e 

w(C) = A Wl (0 + Bw 2 (0, (4-7) 
r,ae u>i(C) (i = 1,2) — pemeHna, nocTpoeHHbie b|§ 3[ noflCTaBJiira BbipajKeHne Q4.7jl b rpaHHHHbie yoiOBna (|4.5|) . 



nojiy^HM CHCTeMy #Byx o^,Hopo^,Hbix ypaBHeHHii pflz KcecpcpninieHTOB An B. npiipaBHHBafl onpe^ejiHTejib stoh 
CHCTeMbi Hyjiio, HMeeM ypaBHeHne pjin cneKTpa 

MCa) - M-C2)} K(C 2 ) - w' 2 (-( 2 ) + 7w 2 (C 2 )] = MC2) - w 2 (-{ 2 )} K(C 2 ) - u)i(-Ca) + T^iCCa)]. (4.8) 
3aMGTiiM, ito nojiyHeHHaa sa^a^a ,a;jifl ypaBHeHHa l|3.3p y»ce He aBjiaeTca nepnc^zniHecKon. 

§ 5. ^OKa3aTejibCTBO jieMMM o cneKTpe 



JleMMa o cneKTpe, cepopMyjinpoBaHHan b |§ 2\ coflepjKHT naTb yTBepJKfleHHH, KOTopbie nocjieflOBaTejibHO 
flOKa3biBaiOTCfl b 3tom naparpaipe. 

5.1. ^OKa3aTejiBCTBO yTBepxcflemia (1). B stom nyHKTe npe^nojiaraeTca, nTO a £ Ax, t. e. 

cio a < ax- 

BBe,a;eM coKpameHHbie o6o3HaneHHfl 

U = U (~ha 2 , ( 2 V2X) , = U<U C2V2X 



(5.1) 



2 ' J V 2 

U = U (^-^Aa 2 , C 2 \/2A^) , U {1) = Z7 (1) (-^Aa 2 , ( 2 \/2A 

H3 cooTHOineHHH Q3.13P cjie,n,yeT, hto 

w 2 (C, 2 ) = U + Rx(t 2 ), w 2 (( 2 ) = U + R 2 (t 2 ), 

= V2Af/ (1) + J^(C a ), u; 2 (C 2 ) = V2AC7 (1) + i^(Ca). 

JXjir BbnncjieHHH BejiH^HH Wi(— £2), (2) (i = 1,2) Ha,i;o Bocnojib30BaTbca onpeflejieHneM (|3. 1T|) h ypaBHe- 
hhhmh CBA3H (J3TTHJ) . Tor^a 

wxC-Ca) = ^i[C/ + i?3(-C 2 )] + B 1 [U + i? 4 (-C 2 )], 

^ 2 (-C 2 ) = A 2 [c/ + i? 3 (-C 2 )] + s 2 [[7 + i? 4 (-C 2 )], 

K(-C 2 ) - A.i-V^xu^ + R' 3 (-( 2 )} + s 1 hV2AU (1) +i? 4 (-C 2 )], 

<4(-£ 2 ) = A 2 [-\/2AE/« + i^(-Ca)] + B 2 [-V2AU (1) + i^-fc)], 

r^,e K03(p(pHH,HeHTbi A4, Bi y^oBJieTBopfliOT paBeHCTBaM (|3.19p . ynnTMBan onpe^ejieHHe BejinHHH Ri(C) 
(i = 3,4), flaHHoe b |§ 3[ 3aMenaeM, hto ^ocTaTOHHO cmemiTb BejinHHHbi Ri((, 2 ), R'(( 2 ) (i = 1,2), h ncmy- 
neHHbie ou;eHKH 6yiiyT cnpaBe,a;jiHBbi rjik BejinHHH Ri{— £ 2 ), R'i{— C2) cooTBeTCTBeHHO npn i — 3,4. 06maa ,u;jlh 
Bcex cjiynaeB aei; (i = 1 — 5) cxeMa #OKa3aTejibCTBa cooTBeTCTByiomHx yTBepjKfleHHii H3 jieMMbi o cneKTpe 
coctoht b noflCTaHOBKe Bbipa»ceHHH una (|5.ip h l|5.2p pjia Wi(±( 2 ), ^(±£2) b ypaBHeHne (|4.8p aim cneKTpa n 
ncnojib30BaHna 3aTeM acHMnTOTHK (pyHKnnii Be6epa. Ilpn stom OKa3MBaeTCH, nTO Bee HyjKHbie hchmiitothkh 
H3BecTHbi n coflepjKaTca b pa6oTax [24, 25j. 

Ilpn a € Ax HaiHeM co cjiy^aH, Kor,a;a Aa 2 > A e (e > 0), h BBe^eM BejiHHHHbi 

Ai 2 = Aa 2 , i = C 2 a~\ (fJ.tV2 = C2V2A). (5.3) 

TaK KaK y(C 2 ) = tt, vi^) = a n ir — x 2 > C > 0, to npn a S Ax BbinanHHiOTCH HepaBeHCTBa t — 1 > C > 0. 
Tor,a;a mojkho BOcnojib30BaTbca acnMnTOTHHecKHM pa3Jio»ceHHeM H3 pa6oTbi |24j . cnpaBefljinBbiM npn t > 1. 
IlojiyHaeM pa3Jio»ceHHe Bn^,a 

B SToii cpopMyjie u s (t) — nojiHHOM CTeneHH 3s npn HeHCTHbix s n CTeneHH 3s — 2 — jxjir hSthmx s. B HacTHOCTH, 
uo(t) = l, ux(t) = ^(t 3 -6t), u 2 {t) = -l^(9i 4 + 249t 2 + 145). 
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OyHKinia b (|5.4p onpe,a;ejiaeTca paBeHCTBOM 

t 

C(t)=y'v / ^ T T^=^V / ^ T T-iln(l + v / ^ T T). (5.5) 
1 

CooTBeTCTByromiie pa3Jio»ceHHH fljia npoH3BO,iiHOH iimgiot bur (cm. |24] ) 

'M /.2 _ , xl/4 -p 2 S(t) V ^ 

V2 1 J 4* (* 2 - l) 3s / 2 M 2s ' 



s=0 

«b(*) = l, v 1 {t) = ^f + Qt), v 2 (t) = ^(15t 4 - 327t 2 - 143), 

h CTeneHH iiojihhomob w s (i) Taxne JKe, KaK h nojiHHOMOB u s (t). AHajiorHHHbie pa3Jio»ceHHa HMeiOT MecTO h ,a;jia 

77 77W 
BejIHHHH U , u : 

77 _ 2 , (a) ^ m (-!)'«.(*) J_ 

lW (*2 _ 1)1/4 ( t 2 _ !)3a/2 ' > 

!7<"=V2 ilW (^-l)"V««f <5 ' 7> 

5lBHbiii Bim KOHCTaHTM Zi (/x) HaM He Ba>KeH, Tax KaK > C > npii /i 2 1 (cm. [24j). KaK yme yKa3bi- 
Bajiocb b |§ 2\ Bejin^ima ao, Bxcmamaa b onpe^ejieHiie o6jiacTH A±, Bbi6paHa TaKHM o6pa30M, ^ito it — X2 > C. 
Hcnojib3ya sto h nonaraa £ = £ 2 b l|3.5p . nojiy^HM, hto npii a £ A\ BbinojiHaeTca t 2 — 1 ^ Ci 2 h, cjie^OBaTejib- 
ho, |u s (£)(£ 2 — l) _3s / 2 | ^ C s , \v s (t)(t 2 - l)~ 3s / 2 | ^ C\. HyjKHbie HaM aciiMnTOTHKH npn p? > A £ (e > 0) Tenepb 
npaMO cne^yiOT H3 pa3Jio»ceHHH l|5.4p . (|5,6p . (|5.7p h HMeiOT bi^ 



U = h{ l x)e-^ t \e-l)-y i [1 + 0( M - 2 )], 
CT« = -ph(p)(t 2 ~ [1 + 0(m" 2 )] , 

C7 = 2h(n)(t 2 - l)-V4 e M 2 «(t) [! + {pr 2 )] , 
= V2ph(p)(t 2 - 1)VV 2 £M [1 + 0(/^ 2 )] . 

Tax Kax b cooTBeTCTBHH c onpe,a;ejieHHaMH (|5.3p . (|5.5p h (|2.2p BbinojiHaeTca -\/7 = ck 2 C (i) , to b o6jiacTH 
j4i npn /i 2 > X e BbinojiHaiOTca HepaBeHCTBa £(t) > Ca~ 2 , p 2 £,(t) > CA, t 2 — 1 > C, h Tor,a;a H3 (|5.8p cne,nyeT, 

^ITO 

C/ = i 1 (/x)0(e- CA ), ?7«=Z 1 (/x)0( e - CA ). (5.9) 

OnemiM BejiHHHHbi Ri(&), R'iiC^) (i = 1,2). B imTepecyiomeM uac cnyiae b paBeHCTBax (|3 . 14[) 6yiieT 
(3 = -A* 2 /2, z = atV2X, h 113 p,15p cjie^,yeT, ^ito p{0) ~ a\/2A, TaKHM o6pa30M, z > p((3), h mojkho boc- 
nojib30BaTbca paBeHCTBaMH (|3.16p . H3 KOTopbix c yHCTOM on,eHOK (|5.9p nojry^HM, ^ito 

Rifa) = O (e- cx ) , i?UC 2 ) = MM) O (e- CA ) , 

i? 2 (C 2 )= I/O (A" 2 / 3 In A), ^(C 2 ) = f7 (1) 0(A- 1 / 6 lnA). (510) 

KaK y»ce yKa3biBajiocb, BejiHHHHbi i?3(— C2), R~i(~ C2) oueHHBaiOTca TaK »ce KaK i?i(^ 2 ), ^(£2), a BejiH^iHHbi 
^4(— C2); R'a{— C2) — KaK i? 2 (C 2 ), 7?2(C 2 )- Hcnojib3ya 3th ou;eHKii b paBeHCTBax l|5.ip . HMeeM 

toi(C2) = Hp) O (e- cx ) , ioi(C2) = h(jM) O ( e - cx ) , 

w 2 (C 2 ) = U- (l + O (A- 2 / 3 In A)) , W ^(C 2 ) =I7 (1) • (l\/2A + 0(A- 1 / 6 liiA)) . 
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Cootbgtctbghho, H3 l|5.2p nanyHaeM, hto 



(-{2) = B 2 U (l + 0(A- 2/3 lnA)) +h(ji)0( 





<2) 


w 2 (- 


<2) 


w[(- 


<2) 




<2) 



-CAN 



7 (1) 



V2A + o(A- 1 / 6 lnA")) +h(jt)0(e 
(-V2A + (A" 1 / 6 In A)) +l l (jt)0(e 



-cx\ 



(5.12) 



Ilo,i];cTaBjifla BbipajKeHHa (|5.1ip . (|5 . 1 2[) b ypaBHemie rjik cneKTpa (|4.8[1 n ncno,nb3ya aciiMnTOTiiKii (|5.8p . nocjie 
npocTbix npeo6pa30BaHiiH npiiBO^iiM ypaBHeHne ,n,jia cneKTpa npii a € A\ n fj 2 > X £ k Bii,n;y 



7 



1 



7 



(<2 - 1)VVVA 



) O (A- 2 / 3 In A + /i- 2 ) = O (e- CA ) . (5.13) 



(i 2 - ijvvVa 

C yneTOM Bbipa»ceHHH (|3. 19|) ,a;jia Z?i h (|4.6[) fljia 7, OTcro^a cjie,nyeT, ^to 

Z^ = mr+ | + (V 2 /3 lnA ) (neZ+,n»l). 

OcTaeTca BOcnojib30BaTbca BbipajKeHiieM l|2.ip ,zi,.na a 2 b o6jiacTii U±, hto6m 3aniicaTb ypaBHemie rjir cneKTpa 
b BH,a;e 

X2 



A / y/g[x) -adx = mr+^ + (V 2 / 3 In a) 



^Be BeTBH cneKTpa b ypaBHeHiiii l|2.12p nonyiaiOTCH OTcro^a npii n — 2p, n = 2p — 1, h yTBep}K,n,eHiie (1) npn 
/i 2 ^ A e ,noKa3aHO. 

PaccMOTpiiM cjiyHaii /1 2 ^ A £ . B stom cny^ae Ha,no BOcnojib30BaTbca aciiMnTOTiiHGCKiiMii pa3Jio»ceHHaMH 



U{(3,z) = e- z2 ' A z-P- 1 l 2 



1 - 



09 + 1/2)03 + 3/2) , (/?+ 1/2) (/? + 3/2)(/3 + 5/2) 03 + 7/2) 



2z 2 



2(2z 2 ) 2 



U(P,z) = J-r i-/3 e*VV-i/a 



Q3-l/2)(/?-3/2) (/?-l/2)Q3-3/2)(/3-5/2)(/3-7/2) 
2z 2 2(2z 2 ) 2 

H3 pa6oTbi |25| . 9th pa3Jio»ceHHa cnpaBe^jiiiBbi npii z ^> |/3|, h hx mojkho ,n;H(p(pepeHn;HpoBaTb no z. ITpn 
z ^> |/3 1, TaKHM o6pa30M, nojiynaeM 



U(P,z) = e- z2 / 4 z-P- 1 / 2 



l + O 



1+/3 2 



U^{f3 1 z) = - l -e-* 2 l i z-P +1 l 2 



l + O 



1 + /3 2 



1 



^ 2 /4 r /3-l/2 



C/ (1) (/3,z) 



1 „ / 1 



z 2 /4 r /3+l/2 



/3 e z ^z 



l + O 
l + O 



1 + /3 2 



1 + /3 2 



(5.14) 



Hto6m HaiiTH cooTB6TCTByiom,H6 acHMnTOTHKH npn z < 0, |z| 3> |/3|, Ha^,o CHOBa BOcnojib30BaTbca ypaBHemiaMH 

CB33H p,12p . B HHTepecyiomeM Hac cjiy^ae — = — -Aa 2 , z = (2V2X. Tax xax (2 > O, to |/3z _1 | = O (A 1 / 2+£ ), 

h npn e < 1/2 HMeeM |/?^; 1 1 <C 1. Onpe^eneHHaa b § 3 (pyHKHHH p(/3) (|3.15[) B03paeraeT c poctom n (3(0) = 
[17J. Tax Kax b paccMaTpnBaeMOM cny^ae |/3| ^ OA e n |z| ^ OA 1 / 2 , to, kbr h Bbinie, z > p(/3). Bee ^ajib- 
Heiiniee nojiHOCTbio aHajiorn^HO TOMy, ^to 6mjio c^ejiaHO Bbinie npn [i 2 > A £ , TOJibKO Tenepb ncnojib3yiOTca 
acHMnTOTHKH (| 5 . 14[) . ypaBHemie ^jia cneKTpa CHOBa npnBO^HTca k BH^y B\ = O (e _CA ) (cm. I|5.13p ). 
yTBepjKfleHne (1) ,n;oKa3aHO. 
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5.2. ^oKa3aTejibCTBo yTBepxc,n;eHHa (2). B stom nyHKTe paccMaTpnBaeTca o6jiacTb A2, b KOTopoii 
d2+C\~ 1+£1 a ^ a' . Kax 11 b nvHKTe r5.il sa^a^a coctoht b tom, itoGm HaHTii HyjKHbie aciiMnTOTiiKii BejiiriHH 
Wi(±&), ^(±(2) (i = 1,2), r^e (pyHKi^iiii u>i(C) 3a^,aiOTCfl paBeHCTBaMii (|3.20|) npii £ > H paBeHCTBaMii (|3- 18[> . 
(|3.23p npn £ < 0. BejniHiiHbi /i, t, Kax 11 Bbiine, onpe^ejiiiiOTca cooTHOineHiiaMii (|5.3p . 

Ilo onpeflejiemiio l|2.ip b o6jiacTii A2 BbinojiHaeTca paBeHCTBO a 2 = 47r~ 1 J^ 2 \j a — g(x) dx. Tax kbr 

Xmin = 0, to npii Majibix x BbinojiHHeTCH g(x) = a-2 + -g^ 2 -'(0)a; 2 + O (x 4 ) , g^(0) > C > 11, cne^OBaTejibHO, 

X2 — (2(a — a2)/g2(0)) 1 ^ 2 . TaxiiM o6pa30M, a 2 x a - a 2 h /1 2 > CA £l npn a € A 2 . Ife ycjiOBiia 7r — X2 > C 
cjie/iyeT, ^ito C20 ; ~ 1 — 1 > C > 11 i 2 — 1 > Ct 2 . Ilpi! BbinojiHeHira sthx ycjiOBiiii Hysaibie aciiMnTOTiiKii 

(pyHKirira W I — , ±/itV2J coflepxaTCH b pa6oTe |24j . r,a;e noKa3aHO, ito npii f > 1 HMeiOT MecTO pasjioJKemra 



W 



-,HtV2) = 



-p ^7- (cos 5i - sin </> S 2 ) . 

,/9p 7r A' 2 /4/(',^ 

(f2_ 1)1/4 (sin^+cos^), 



(5.15) 



n b (popMyjiax l|5.15p 



(-i) s U2s w 



E 



(-l) S U2s+l(t) 



^ (t 2 ~ l) 3 V ' (* 2 - l) 3s + 3 / 2 ^ 4s + 2 ' 

a nojiHHOMbi u s (t) Te »ce, hto h b (popMyjie (|5,4p . c&yHKiniH (j) = <j)(t,(j,) b npaBoii iacTH paBeHCTB (|5.15p 
onpe^ejiaeTCH paBeHCTBOM 

b KOTopoM BejiiiHiraa £(t) onpe^ejieHa b (|5.5p . KoHCTaHTa l(n) npn /i ^> 1 HMeeT acnMnTOTiiKy BH^a 

1 



(5.16) 



l(M) = 2 1/ V 1/4 X)i.A*" 

s=0 



'0 — 1) u — — 
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H3 (|5.15p cjie^yeT, hto 



W 



B 3thx (popMyjiax 
Pi 



«i(t) 



e- 7r ^/ 4 /(/i) 
V2(t 2 - 1)V4 

v^e^ 2 / 4 ;^) 

(t 2 - 1)V4 



1 i 3 - 6t 



( t 2_ 1)3/2 24(t 2 -l) 3 / 2 ' 



1 T 



P? 







— - COSffi 






m 2 


p ^ • ^ 













«2(«) 



(i 2 - l) 3 



6 + 0( M - 6 ) 

-9i 4 + 249t 2 + 145 
1152(i 2 - l) 3 ' 



(5.17) 



(5.18) 



Pa3Jio>KeHHfl (|5.15p mojkho JirKpcpepeHinipoBaTb, n tskhm o6pa30M nojiyiaiOTca HyjKHbie pa3Jio»ceHHH npoii3- 

BOflHblX 

,2 



-\e-"»'/*id(jJL){? - 1) 1/4 \(l - ^)sm<f>+ 4cos0 + O (^ 6 ) 
2 L V M / M 

^W^.-l^ = -e^ 2 /V(M)(* 2 - 1) 1/4 (l-^cos^-^sin^ + O^- 6 ) 



B (popMyjiax (|5.19p 



A 1 



1 i 3 + 6t 
24(t 2 + l) 3 / 2 ' 



P, 1 



-8H 4 + 249t 2 - 143 
1152(i 2 - l) 3 ' 



(5.19) 



(5.20) 



OiiemiM BejiHHHHM Ri{C,2), P4(C2) (* = 1,2). B paccMaTpnBaeMoii o6jiacTH b = — > CA ei , n, cjie^OBaTejibHO 

(cm. (23)), 



fc(6) = I e -^ 2 /2 ^ 1 + 



fc(fe)- 1 = 2e^ 2 (l + 0(e-^ 2 )) 
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£(6)1/2 = -±=e-^ 2 / 4 (l + O (e-^ 2 ) ) , Kb)- 1 ' 2 = V2e^ 2 / 4 (l + O (e"^)) . 

TaK KaK B COOTBeTCTBHH C I|3.21P BbinOJIHHeTCH z TO MOJKHO BOCnOJIb30BaTbCfl 

paBeHCTBOM (|3.14p . b kotopom [3 = b = — , E{j3,z) = 1, h, Hcnonb3ya Bbipa»ceHHa (|5.17p h (|5 . 19(1 . nojryiHM, 

HTO 



i?,(C 2 ) = ^^)0(A- 2/3 lnA) (i = 1,2), 
^(C 2 ) = ^(^)0(A- 1 / 6 lnA) (i = 1,2). 



(5.21) 



9to no3BOJiaeT nojiyHHTb HyjKHbie BbipajKeHHa fljia Wi((,2), w'^Cp) (i = 1,2) no (popMyjiaM (|3.20p nocjie no,a;- 
CTaHOBKH b hhx BbipajKeHHH (|5 . 1 7[) h l|5.19p . Jlflsi nanyHemia cooTBeTCTByiomHx (popMyji fljia bgjihhhh u>j(— £2), 
C2) = 1,2) Haflo BOcnojib30BaTbca cooTHOineHiiaMH p,18p . Q3.24p h aciMnTOTEKaMi (|5.17p . (|5 . 19(1 . Ilpn 

3TOM, B CB33H CO CKa3aHHbIM B [§3 BejIH^lHHbl Ri(— £2), — C2) = 3,4) OH,eHHBaK>TCH TaK >Ke, KaK -Rj(^2), 



^(C 2 ) (» = i,2) (cm. (52D). 

Bya;eM CHHTaTb, hto BGJiii^iiHbi ^(±£2), w^(±C 2 ) HaBfleHH. Ilepexo/niM k peineHHio ypaBHeHHH rjih cne-K- 
Tpa l|4.8p . KOTopoe 3anHineM b BH,a;e 

H 1 -H 3 = H 2 - H A . (5.22) 

3^eCb H HHJKe 

Hi = w 1 (-( 2 ) - w 2 (C 2 ), H 2 = w 2 (-( 2 ) - w 2 (( 2 ), 

H 3 = w' 2 (-C2) - w' 2 (C 2 ) - lw 2 (C 2 ), Hi = u)i(-Ca) - ^[((2) ~ 7^i (( 2 )- 
Hcnojib3yfl HafifleHHbie BbipajKeHHs ^(±£2), w' i {±C, 2 ) (i — 1,2), nojiy^HM, hto 



(5.23) 



Hi 

H, 



{t 2 - 1)V4 



£L +0 (A~ 2/3 lnA 
E- +C>(a- 2/3 1iiA 



(t 2 - 

i? 3 = -fil(fi)V\(t 2 - 1) 1/4 £+ + O (A" 2 / 3 In A) 



(i 2 - 1)1/ 4 

#4 = -2/i?( A/ )VAe^ 2/2 (t 2 - 1) 1/4 + O (A" 2 / 3 In A)" 

H B 3THX paBGHCTBaX 



+ 0( A- 2/3 lnA 



£L = sin 


^ P l ^ 


P 2 


H — - cos <e 






M 




-E+ = COS ^ 


A 1 . 




7 sin </ 

M 





9to no3BOJiaeT nepenncaTb ypaBHemie (|5.22|) b Bn^e 

7 (£^ 2 



2£_£+ = — 



- + o(a~ 2 / 3 1iiA) 

/i%/A(t 2 - l) 1 / 2 V / 



(5.24) 



IlepeMHOJKHM BbipajKeHna b jieBoii ^acTH ypaBHeHna l|5.24p . Ilpn c,n;ejiaHHbix npe/niojioJKeHHHx nepBbiii hjigh 

1 



b npaBoii ^acTH ypaBHeHHH (|5.24p ou,eHHBaeTca KaK O (A 1 ). y^HTbiBaa, hto Pi + Pi = — Cl(Cl — a2 ) 



2\-3/2 



Hcnojib3ya onpe^ejieHHe (|5 . 16j) BejiHHHHbi <f>, nojiyHHM cjie^yioniee ypaBHeHne fljia cneKTpa 



= ^ + 5 " ^ (^2^2)3/2 • ^ + O + A-/ 3 In A) 



(5.25) 



OcTaeTca BOcnojib30BaTbca paBeHCTBOM 2fj, 2 £(t) = XF(a), *!To6bi nojiy^iHTb HyjKHMH pe3yjibTaT (|2~T3j) . PasjiHH- 
Hbiii Bbi6op 3HaKOB b hSm cooTBeTCTByeT k — 2p n k = 2p — 1. yTBepjK,a;eHHe (2) ,i;oKa3aHO. 
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5.3. /^oKa3aTejibCTBo yTBepxcfleHHH (3). flpst paccMaTpHBaeMoii b stom nyHKTe o6jiacTii 
^3 — ^ CX £2 Hac HHTepecyiOT aciiMnTOTiiKii BejiiiiiiH W(/3, ±z), W' 1 ' (/3,±z) npn P = b = /i 2 /2, 
z = £ 2 -\/2A. Ecjiii £2 < 1/2) to = 0(A _1 / 2+£2 ), ii HyjKHbie aciiMnTOTH^ecKiie pa3Jio)KeHiifl iiMeiOTca b 

pa6oTe [25] . B paccMaTpHBaeMoii o6jiacTii npii jihd6om 3HaKe /3 ohi HMeMT bh,h, 

(2k{P)\ 1/2 



W(p,z) 



V z 



(TiCOs6» - T 2 sin0), 



W(/?,-z) = 



zfc(/3) 



1/2 



(5.26) 



(Tisin0 + T 2 cos0), 



ii b 3thx (popMyjiax 

92 Pa 96 Ps 9io 



T\ =p 

T 2 = - 



l!2z 2 2!(2z 2 ) 2 

P2 94 



3!(2z 2 ) 3 

P6 



4!(2z 2 ) 4 5!(2z 2 ) 5 '"' 

98 PlO 912 



l!2z 2 2!(2z 2 ) 2 3!(2z 2 ) 3 4!(2z 2 ) 4 5!(2z 2 ) 5 6!(2z 2 ) 6 ^' 

B KOTOpblX K03(p(pIlinieHTbI p n = Pn(P) , 9n = 9n(/3) Onpe^ejIHHDTCfl 113 COOTHOineHHH p n +iq n = 

TaKHM o6pa30M, 
Pa = 1, 



r(n + 1/2 + i/3) 



r(n + i/3) 



105 43 2 - 

Pa = P + P , 

16 2 A * ' 



g 2 = 2/3, 94 = 2/3 



11 



-4/3' 



ii hm6K)t MecTO ou,eHKH |p n | ^ C„(l + /3 ra ), \q n \ ?C C„(l + /3 n ). 06mira HJieH b pa^ax Tj on,einiBaeTCH, Kax h 
C n (l + /3™)z _ ™, ii b paccMaTpHBaeMoii o6jiacTii z ^> 1, /3z _1 -C 1. TaxiiM o6pa30M, 113 l|5.26p nojiy^aeM HyjKHbie 
npe^CTaBJiemifl 

1 / 2 r/ fl\ /I _ q / 1 + /? 4 ^" 1 



W(p,z) 

W(P,-z) 
Bo Bcex STiix (popMyjiax 



1 



^ 2fc(/3) 
2 



Phiz- 



1 



1/2 



/3 



/3 



cos 



sin 



^sin0 + O 

8z 4 

4/3-3 



8z 4 



7T 1 



argT -+ip), 



cos + O 



P- 



1 + P 4 



(5.27) 



(5.28) 



CooTBeTCTByiomiie BbipajKeHHH rjir npoH3BO,a;Hbix nanyHaiOTCH flii(p(pepeHinipoBaHiieM paBGHCTB (|5.26|) ii hmg- 

K)T BIfl 



W«(/3, Z ) = 



f (1) (A-2) = 



zk(p) 
2 

2 

zfc(/3) 



1/2 r 



1/2 r 



1 ^ I ' 

1 o sm 



4/3 2 



■ COS ( 



1- 4r I msfl- 



4/3 2 



8z 4 



■sin 6» + 



1 + /3 4 



1 + /3 4 



(5.29) 



OcTaeTca ouemiTb BejiiiHimbi i?i(£ 2 ), i?^ (C2) = 1,2) h i?i ( — C2), C2) (i = 3,4). Ilpii b » 1 113 onpe,nejie- 
Hifl l|2.9p cpyHKinin cneflyeT, hto 



fc(6) = V2 - 1 + tt6 ^1 - -^^ 



+ 0{b 2 ), k(b) < C. 



Tax Kax z > u(b), to, ncnojib3yH paBeHCTBa (|5.27p . (|5 .29(1 . (|3,14p h (|3.22[) . nojryiiiM, hto 



Riib) = O (A- 11 / 12 In A) , Ri(C 2 ) = O (A 1 / 12 In A 



(i = l,2). 



(5.30) 



Kax yKa3biBajiocb Bbinie, sth ou,eHKH BepHbi h fljin BejiiiHim Ri(— C2), R'{—C,2) npn z = 3,4, cooTBeTCTBeHHO. 
PaBeHCTBa (|5.2T|) h (|5.29p BMecTe c oueHKaMii (|5.30p ^,aiOT HyjKHbie BbipajKeinifl ^jih Bejiii^im 10^(^2), w^(^ 2 ) 
(i = 1, 2) (cm. Ij3.20p ). CooTBeTCTByioniHe Bbipa»ceHHa pjia Wi(— C2), C2) (* = 1, 2) nojry^aiOTCfl c noMom,bio 
cpopMyn |3Tl8|) . (f3T23]l . (|3~24|) . Hcnojib3ya Bee 3th BbipajKeHHa, nojiyHHM, ^ito b ypaBHeiniii (|5.22p 



H 2 = \/-(F- + 2 ) 
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H 3 = 
h b 3THX (popMyjiax 



\z (F+ + 3 ) , 



H 4 = -Hb)- 1 (F+ + 4 ) • 



A = l 



J£_ 

2z 2 ' 



F_ = A(fe(6) cos 6 ~ sin (9) + B{k{b) sin + 
F+ = A'(k(b) sind - cos (9) + B'(k(b)cos6 

A' = l-4. B = -£^, B' = 
2z 2 ' 8z 2 ' 



COS WJ 

f sin( 



8z 2 



(z = C2V2A) 



A 2//3 In A) . ypaBHemie pflz cneKTpa (|5 . 22|) 



a Bee BejiHHHHbi Oi ^.onycKaroT on,eHKy BH^a Oi = O (/i 8 A 2 
Tenepb 3anncbiBaeTCH b BH^e 

= O (/i 8 A^ 8 + A~ 2/3 In A) . 

3aMeHaeM, ito, ecjin b BbipajKemiax F± orpaHHHHTbca rjiaBHMMH ^jieHaMH, to F- ~ k(b) cos 9 — sind, 
F + ~ sin0 — cos#. TaKHM o6pa30M, BejiHHHHbi -F_, f+ He MoryT 6biTb MajiM o^HOBpeMeHHO. PaccyjKflaa 
Tax »ce, Kax b KOHue nyHKTa I5.2( nojiy^HM, ito, KaK h b nyHKTe I5.2[ ypaBHeHne ^jih cneKTpa npH6jiH»ceHHO 
(paKTopn3yeTca h 3anncbiBaeTca b BH,n;e flByx ypaBHeHnii 



F± = O 



(/i 8 A- 8 + A- 2 / 3 lnA) 



(5.31) 



y^HTbiBaa, ^to 20 = ^(X,a) + w/2, r^e (pyHKinia ^(A, a) onpe^ejieHa b (|2,lip H3 i|5.3ip h nanyHemibix bh- 
pa»ceHHH ^jih (pyHKn,Hii F±, y»ce jierxo nanyHaeTca HyjKHbiii pe3yjibTaT (|2. 14|) c cooTBeTCTByiomHM Bbi6opoM 
3HaK0B. yTBepjK,a;eHHe (3) ,a;oKa3aHO. 

5.4. /^oKa3aTejibCTBo yTBepxc,n;eHHH (4). B o6jiacTH A4 C U3 npn BbraicnemiH Bejin^HH ^(±£2), 
^(±(2) (« = 1)2) 6ya;eM ncxoflHTb H3 paBeHCTB (|3.25|) n on,eHOK <|3.26[) . Tax xax b 3toh o6jiacTii 
/i 2 = Aa 2 < C\ £2 , to mojkho BOcnojib30BaTbCfl paBeHCTBaMH (|5.27|) . <|5.29|) . b kotopmx (i = b = —p?j2. 
H3 3thx paBeHCTB c noMombio (|3.26|) nojiy^aeM, hto b paccMaTpHBaeMoii o6jiacTH ^(±£2) = O (A~ 5 ' 4 lnA), 
J?J(±^a) = O (A~ 1//4 lnA) (i = 1,2). /JajibHeHinHii xo,n; flOKa3aTejibCTBa yTBepjK^eHHH (4) nojiHOCTbio aHajiorn- 
^eH npHBe^eHHOMy b nyHKTe [5.31 noKa3aTejibCTBa yTBepjKfleHHs (3). yTBepjK^eHHe (4) ,i;oKa3aHO. 



5.5. ^oKa3aTejibCTBo yTBepxc,a;eHHa (5). Paccyxcflafl Tax see, Kax b nvHKTe [5.21 nojry^HM, hto b 06- 
jiacra A5 BbinojiHfliOTCH cooTHonieHHfl /i 2 = Aa 2 CA £l . PaBeHCTBa l|3.25p . b kotopmx b = — /i 2 /2, noKa3bi- 

BaKJT, HTO flJlR BblHHCJieHHfl BejIHHHH ^(±(2), ^(±Cs) (* = 1,2) HyjKHbl aCHMnTOTHKH (pyHKHHH W((3,z) npH 

f3 — — /i 2 /2 < 0. Tax KaK b o6jiacTH U3 coothohighhh l|3.25p cnpaBefljiHBbi npn jik>6om 3HaKe (, to, b OTjiHHne 
ot npeflbiflymero, r^e napaMeTp t onpeflejiajica paBeHCTBOM l|5.3p . Tenepb 6ya;eM CHHTaTb, hto t npn jiio6om z 
onpe,a;ejiaeTca paBeHCTBOM z 

CorjiacHO pa6oTe [24j, npn {3 = — /i 2 /2 < paBHOMepHO no t [\t\ < 00) HMeiOT MecTO cjie,a;yioiri;He acHMnTO- 



THHecKne paBeHCTBa 



W 



~,»tV2 



(t 2 + iy/* 



p 



1 COS ( 



1)P 



^2 sin i 



(5.32) 



3 sin (f> + S4 cos < 



B 9thx paBeHCTBax 



= <p(t) = n 2 m + 



m = / Vt 



idt 



■^t 2 + 1 + - ln(i + Vt 2 + 1) 



h Si — acHMnTOTHHecKHe pa^bi BH,a;a 

{-l) S U 2s (t) 



s=0 



s=0 



(t 2 + l) 3 V s ' 



(t 2 + 1) 3 V s ' 



J (t 2 + l)3s+3/2^4s+2 ■ 



(-l) s v 2s+1 (t) 

(f2 _)_ X)3s+3/2^4s+2 ' 
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Kax h (piirypnpyioiinie b paBeHCTBax (|5.4p . (|5.6p BejiH^HHbi, u s (t), v s (t), u s (t) n u s (i) — nojiiiHOMbi CTeneHH 3s 
fljia He^eTHbix s h CTeneHH 3s — 2 (s ^ 2) ,a;jifl ^eTHbix s. Ilpn stom 



ub = tJ- (t) = l, ui = -^(* 3 + 6i), wi = -^(< 3 -6i), 



u 2 (i) 



1 



1152 



(9< 4 + 249t 2 -145), u 2 (i) 



1 



1152 



(-15t 4 - 327t 2 + 143). 



(5.33) 



H3 pa3Jio»ceHHH (|5.32|) cue^yeT, hto 



(t 2 + 1)V4 



M 4 (t 2 + l) 3 



' v/2 



(t 2 + 1) 1 / 4 



i - 



Ua(t) 



/x 4 (t 2 + l) 3 



M 2( f 2 + 1 )3/2 



in0 + O(/i- 6 ) 

o(^ 6 



(5.34) 



Hcnojib3ya BbiTeKaromiie OTCio^a rpy6bie oneiiKH 

,2 



W^,^= j^^ 0(1), ^'(-^Mt^) = M «(M)(« 2 + 1) 1/4 0(1) ! 
C nOMOIH,bKl (pop M yji (|3~22j) . ((3T23|) nonyHaeM cjieflyiomHe oneiiKH ocTaTOHHbix HJieHOB 

MO = ^1^1)4^ ^(0 = ^){t 2 + 1) 1/4 O (A- 1 In A) , (i = 1, 2). 



(5.35) 



HiDKe 6y^,yT iicnojib30BaTbCH cjie^yioiinie o6o3Ha x reHHH: <f>i = <f>(ti) (i = 1,2), r,n,e BejiH^iHHbi ti onpe^ejiaiOTCH 
H3 cooTHOineHHH \[2[iti = Qy2X. Tax xax (2 = — Ci, to t\ = — <2, h Be3,a;e hhjkg £ = t 2 . H3 paBGHCTB (|3.25[) . 
(|5.34p h (|5.35p nanyHaeM 3HaHeHiiH ^(±(2), ^(±(2) (i = 1,2), a 3aTeM 11 SHaieHiis Bejiii^iiH Hi, Bxoflamix b 
ypaBHeHiie pjik cneKTpa (|5.22p . YHiiTbiBaH, ito 



k + 02 = -, 



/V^ 2 + i) 1/2 y h 



nocjie cooTBGTCTByiomHx BbiHiicneHira nojryiaeM, hto 



Ho 



f t 2 +^1)1/4 ( Sl - ^2 + 2 ) , 



fls = nl{n)V\(t 2 + I) 1 / 4 (E 3 - P 4 + 3 ) , Hi = t il(fi)V\(t 2 + I) 1 / 4 (E 3 -E A + 4 ) 

H npH 3TOM CnpaBe^JIHBbl OD,eHKH 

Oi =0(M" 6 +A-MnA) . 
BejiiiiiiHbi _Bi b paBeHCTBax HMeiOT cjie^yioiiniH bh,h;: 

P 2 



(5.36) 



= 1 



£1 
P 2 
E 3 = \1 

Ea=11 



P2 



pV 



p 



sin (; 


f> 2 - 


Pi 

—7 COSf 




Pi 


COS ( 


+ 


Pi . 

— ^ sin( 
M 




P 2 


cos 


i>2 - 


3 . 
—5- sin 




Pi 


sine 


h + 


p! 

— ^ COS 

p 




P2 



Ul 



(*) 



(t 2 + 1)3/2 ■ 

(i 2 + 1) 3 / 2 ' 

(t 2 + l) 3 ' 

V2 (t) 
(t 2 + lf 



IloflCTaBjiflH Bbipa»ceHHfl (|5.36|) rjir Hi b ypaBHeHne (|5.22|) rjik cneKTpa, nojiy^iaeM, hto sto ypaBHeHne mojkho 
3anncaTb b BH,a;e 

(E 2 -Ei)(E 3 -E4) = O (fi- 6 + A" 1 In A) . (5.37) 

B OTJiH^ine ot npeflbi^ymHx cjiy^aeB, rjiaBHbie ^uieHbi aciiMnTOTii^ecKiix pa3Jio»ceHHH BejiiiHim E2 — E\ h 
E 3 — E4 coBna^aiOT h paBHbi cos<^2 — sin^ 2 . IIojiojkhm cf>2 = 7r/4 + irp + 5. Tax xax P l = —Pi + O (A -1 ), to 
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H3 l|5.37p nanynaeM cneflyiomee ypaBHeHne pjisi 5: 



sin 2 s(l + P2 + A P A - 2 sin 5 cos S^4 + c °s 2 = O + A" 1 In A) . (5.38) 

V M y M M 



Tax Kax Pi = (24) 1 + O (A 2 ), |P 2 + P 2 ^ Ca 2 , to h3 (|5.38jl nojrynaeM, hto sto ypaBHeHne hm66t ^,bohhoh 
KopeHb BHfla 5 = — (48&)" 1 4- O (|6|~ 3 / 2 + A _1 / 2 (ln A) 1 / 2 ). y^niTbiBaa paBGHCTBa 

7T 

20 2 = 2 f i 2 £(t) + |, 2/i 2 £(i) = 2A^ - a da;, 

o 

nojiynaeM OTcro^,a HyjKHbiii pe3yjibTaT l|2.16p . 

yTBepjK^eHHe (5) ,n,OKa3aHO, hto h 3aBepniaeT flOKa3aTejibCTBO jieMMbi o cneKTpe. 

§ 6. ^OKa3aTejibCTBO TeopeMbi 

Pe3yjibTaT JieMMbi o cneKTpe 03HanaeT, hto Bee tohkh nojio>KHTejibHoro cneKTpa, ecnii ohh cymecTByiOT, 
acHMnTOTH^ecKH 6jih3kh k pememiflM ypaBHeHnii (|2.12[1 — <|2.16[) - 

Pa3o6beM ,noKa3aTejibCTBO Ha Tpn nvHKTa l6~Tl 16.21 [6.31 h ,a;0Ka>KeM hx nocjieflOBaTejibHO. 



6.1. ^oKa3aTejibCTBo cym,ecTBOBaHHa flsyx BeTBeft cneKTpa. B stom nyHKTe 6yn;eT ,a;oKa3aHO, hto 
bo bcgm HHTepBajie U ypaBHemia fljia cneKTpa (|2-12[) — (|2.16|) mojkho 3anncaTb b BH,i;e 

AP(a) = 2np + H ± (b 2 ) + P±(A,a). (6.1) 

Ilpn 9tom BbinojiHHiOTca on,eHKH 

|P±(A,a) = C>(A- 2/3 lnA) , (a > a 2 ), 

; x (6-2) 

|P±(A,a) = O (A- 1 /2( lnA )V2j f (a <; fl2 ) 

h penieHHH ypaBHemrii l|6.ip cymecTByiOT. 

Onpe^ejiHM rpaHnny Me»my o6jiacTHMH A 2 h A3 H3 ycnoBHH bl = A 2 / 3 . Tax Kax npn a G Ai U A 2 Bbinoji- 
HaeTCH paBeHCTBO 6 2 = 1/2 • Aa 2 n BejiHHHHa a 2 = a 2 (a) pacTCT c poctom a, to b paccMaTpnBaeMoii o6jiacTH 
62 ^ A 2/9 > 1. Tor^a H3 (f2TT7|) cne^yeT, hto H±(b 2 ) = ±tt/2 - (246 2 ) _1 + O (b 2 3 ), H Hy»cHbiii pe3yjibTaT (J67TJ) 
npn a £ ii U A2 nojiynaeTCH H3 paBeHCTB l|2.12p n l|2.13p . 

PaccMOTpnM o6jiacTH A3 C fi, b KOTopoii b 2 ^ A 2 / 3 . B stoh o6jiacTH, b cnjiy nepBoro H3 paBGHCTB (|2.10p . 

F(a)=2 J ^{x)~adx = { 2y J$ - a 2 - a 2 In f| + -j^Cf - a 2 ) . 

2:2 

y^HTMBaa onpe,a;ejieHHe p. lip (pyHKipiH \l/ n onpe,a;ejieHHe (|2.7p cpyHKiniii H±, H3 ypaBHeHnii (|2- 14|) nojryHHM, 
hto b paccMaTpnBaeMoii o6jiacTH 



\F(a) = 2np + H ± (b 2 ) + O (j^ + A~ 2/3 In 



n, Tax Kax npn a 6 A3 BbinojiHHeTCH HepaBeHCTBO 6 2 ^ A 2 / 9 , to a 02 HMeiOT MecTO ypaBHeHHH l|6.ip h 
on,eHKH l|6.2p . 

Ilpn a ^ a 2 ^,OKa3aTejibCTBO aHajiorHHHO npHBe^eHHOMy, Ha^,o TOJibKO Bbi6paTb rpaHHH,y Me»c^y o6jiacTHMH 

A4 H A5 H3 yCJIOBHH |6| = A 1 / 3 . 

OcTaeTCH ,a;0Ka3aTb, ^o penieHHH \±(a,p) ypaBHeHnii (|6.ip cymecTByiOT. H3 pe3yjibTaT0B OjiBepa cjie,nyeT, 
hto Bee ocTaTOHHbie HJieHM, o6o3HaHaeMbie b |§ S^ epes Ri(X), hbjihiotch HenpepbiBHMMH (pyHKH,HHMH A (A > 1). 
OTcro^a cjie,a,yeT, hto h (pyHKH,HH P±(A,a) b ypaBHeHHHx (|6.ip hbjihk3tch HenpepbiBHMMH (pyHKiniHMH A npn 
A> 1. 

PaccMOTpnM cjiynaii a S U\. Tax k&k b stoh o6jiacTH b 2 > CA (0:2 ^ C), to ypaBHeHne l|6.ip coBnaflaeT c 
ypaBHeHneM (|2.12|) . 3annnieM sto ypaBHeHne b BH,i;e f(x) = 0, r,a;e 

f(x) = x — — R± (P" 1 ^, a) , x = AP, Xq — 2ni ± — . 
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Tax Kax cpyHKinifl /(x) HenpepbiBHa h mghhgt 3HaK BHyTpii 0Tpe3Ka [x — Ax,x + Ax], 
Ax = 0(F~ 1 x^, to Ha 3TOM OTpe3Ke HMeeTca xopeHb x^ ypaBHeHaa f(x) = 0, npii- 
hSm x ± — x^ + R± (F~ 1 Xq) + R± (x ± F~ 1 ) — R± (F^Xq"). H3 oiieHKH Ax cjie^yeT, hto 
\R± (xF -1 ) — R± (xqF _1 )| = O ((xj / F)^ 2 ^\n(x ± / F)) , h yTBepjK,a;eHHe (1) TeopeMbi npn a € U\ ,a;0Ka3a- 

HO. 

PaccMOTpnM cjiy^afi a 6 U2 U U3. B stom cjiy^ae -F(a) ^ C > 0, h ypaBHeHiie l|6.ip HMeeT bh^ /(A) = 0, 

r^e 

F(a) ±y2 > F a 

Tax Kax |£/±(6 2 )| ^ C h \F\ > C, to Ha OTpe3Ke |A — A°| ^ C HMeeTca xopeHb A = A° + AA ypaBHemra /(A) = 

H |AA| ^ C. IlpH 3T0M 



/(A) = A — Ap - —#±(62) - — i?±(A). 



AA = (FH)- 1 ^ - (F(a)) l AH±(\) + (F(o)) ^(A), 

Aff ± =ff ± ((A° + AA) ?Pj-H ± ['-^ 



(6.3) 

2 \ /A2a 2 \ 



2 / 

Tax Kax |AA| ^ C, to b oneHKe R±(X) mojkho 3aMGHHTb A Ha Ap 1 . IloKajKeM, hto 

|Aif±(A)| < C\- 2/3 . (6.4) 

PaccMOTpnM o6jiacTb a 2 > C (Ap 1 ) _1+2 ^ 15 , b KOTopoii \b\ > C (Ap 1 ) 2 ^ 15 (\b\ 5 > C (A°) 2 ^ 3 ). Tor^a oiieHKa H6.4J1 
cnefljei H3 acHMnTOTH^ecKHx pa3Jio»ceHHH (|2.17p . 

PaccMOTpnM o6jiacTb a 2 ^ C (Ap 1 ) 1+2 15 h 6yneM ncxo^HTb H3 on,eHOK 

|JT±(a:)| < Cmax ^± 
ax 

H3 onpe^ejieHHa l|2.7p (pyHKiiHH H±(x) cjie^yeT, hto 



AA| a 2 , |AA|<C. (6.5) 



dH ± ne™ , / , /l \ \ / . , r'(x) 



dx l + e 2 ™ 11 V V 2 // V T ( x ) 

JIiir ou,eHKH nocjie^,Hero HJieHa b npaBoii nacTH SToro paBeHCTBa Boncojib3yeMCH HHTerpajibHbiM npe,n,CTaB.jie- 

HHGM flJIfl (pyHKHHH 1p{x) (CM. |22j) 

00 

^(r) = lnr- - 2 / t(t 2 + r 2 )" 1 (e 27rt - dt. (6.6) 


Hac HHTepecyeT cjiyHan r = 1/2 + ix h, cne^OBaTejibHO, |r| 1/2. ITpn |r| ^ 1/2 H3 i|6.6p nojiyHaeM, hto 

dU± 

^ C+2| ln(|x|)|, anoTOMy oueHKa (|6.4p cjie^yeT H3 oueHOK (|6.5p . 



|-0(t) I ^ I ln(|r|)|+C, h, TaKHM o6pa30M, 

ax 

CyniecTBOBaHne penieHHii \±(a,p) c oueHKaMH (|2.6p ^OKa3aHO 

6.2. CipyKTypa cneKTpa. B stom nyHKTe 6ya;eT ,npKa3aHa acHMnTOTH^ecKaa nojiHOTa flByx nocTpo- 
eHHbix BeTBen cneKTpa A±(a,p), t. e. ,npKa3aH0, ^to Becb nojiojKHTejibHbiii cneKTp sa^a^H (|l.ip npn A ^> 1 
HCHepnbiBaeTca BeTBHMH A±(a,p). 

Ilpn a-i — a > C sa/icraa ^,e(pHHHTHa h CTpyKTypa cneKTpa H3BecTHa (3J HI [5]. B stom cjiy^ae b6tbh A± (a, p) 
fleiicTBHTejibHO HC^epnbiBaiOT Becb cneKTp, Tax Kax oh coctoht h3 flByx BeTBeii c o^HHaKOBOH acHMnTOTHKofl 
(cm. [1, 4, 5]). IlpH a > 02 sa^a^a HH,a;e(pHHHTHa h ocHOBHaa TpyzniocTb coctoht b tom, hto fljia nepno^HHecKOH 
HHflecpHHHTHoii 3a,i],aHH 0CH,HJiJiaH,H0HHafl TeopeMa, no-BH^HMOMy, He ^OKa3aHa. YcjiOBHe hcthocth (pyHKH,HH 
g(x) no3BOJifleT o6ohth 3Ty Tpy^HOCTb h CBecTH nepHOflH^ecKyro 3a^aHy k AByM 3a^,aHaM c pa3,a,ejieHHbiMH 
rpaHHHHMMH ycjiOBHHMH, a 3aTeM BOcnojib30BaTbca pe3yjibTaTaMH pa6oTbi [9] (cm. TaioKe \8 [ 114] ). 

PaccMOTpnM ,a;Be BcnoMoraTejibHbie sa^a^H rjik ypaBHeHHH l|l.ip Ha HHTepBajie (0,7r) — sa^any D ^a^aiy 
/JnpHxjie) 

y" + \ 2 (g(x)-a)y = 0, y(0) = y(w) = 0, (6.7) 
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h sa^any N (sa^any HeiiMaHa) 

y" + X 2 (g(x)-a)y = 0, </'(0) = y'(ir) = 0. (6.8) 

OGosHa^HM cneKTpbi sthx sa^ai lepes {A D } h {A^} cooTBeTCTBeHHO. Ife ycjiOBHa icthocth (pyHKHira g cjie- 
flyeT, ito cneKTp {A} sa^a^H l|l.ip aBJiaeTca o6 r be,n,HHeHHeM cneKTpoB {X D } h {A^}: {A} — {A^j-U {A^}. Ilpn 
A = X D co6cTBeHHaa cpyHKinia 3a^,aHH (|l.ip aBJiaeTca HeneTHbiM npofl,oji»ceHHeM Ha HHTepBaji (—tt,tt) cooTBeT- 
CTByromen co6cTBeHHon (pyHKinin sa^ain D i|6.7p , a npn A — X N — icthmm npoflOJi»ceHHeM cooTBeTCTByromeH 
co6ctbghhoh (pyHKHira sa^a^in N (|6.8p . 

3aMGTHM, hto, xoTfl sa^aHH D n TV — sa^am c o^hoh to^koh noBopoTa, Hac HHTepecyeT cjiynaii, Kor,a;a 
tohki noBopoTa 6jih3kh k KOHn,aM HHTepBajia (0,7r), b KOTopbix g'(0) = g'(^) = 0. B cmiy stoto npn aHajiH3e 
3a^aH D n N mm bhobb Hcnojib3yeM 3aMeHy Q3.2p . 

AcHMnTOTHKH Co6cTBeHHbIX 3HaH6HHH X D H A^ CTpOSTCfl TOHHO TaK >Ke, KaK 6bIJIO C,D,ejiaHO BblHie fljia 

sa^aHH (|l.ip . IlpoBeflfl sto nocTpoeHne, nojryiaeM, ito hmgiot MecTO aHajiorn cpopMyji l|2.4p : 

X D (a,p) = X° p + F(a)- 1 i/_(6 2 (A0)) + R D (a,p), 

X N (a,p) = A° + ^(a)- 1 i/ + (6 2 (A^)) + R N (a,p), (6 ' 9 ' 

n, cjie,a;oBaTejibHO, X D (a,p) = A_(a,p), X N (a,p) = X + (a,p). npn stom fljia bcjihhhh Ro h Rm cnpaBe,a;jiHBbi 
oneHKH l|2.6p . 

^OKajKeM aciiMirroTH^ecKyio nojiHOTy cneKTpoB {X D (a,p)} n {X N (a,p)} , t. e. OTcyTCTBne npn p> 1 Apy- 

rnx co6cTBeHHbix SHaieHHH, 6jih3khx k {X D (a,p)} n {X N (a,p)}. 9to cjie^yeT H3 ocuHJuiainiOHHon TeopeMbi, 

flOKa3aHHoii b hh^gcphhhthom cnynae rjir sa^ann niTypMa-ilnyBnjuia c pa3,a;ejieHHbiMH rpaHHHHbiMH ycjiOBH- 

hmh b pa6oTe [9j. Ife pe3yjibTaTOB stoh pa6oTbi cne^yeT, hto rjir flOKa3aTejibCTBa acHMnTOTniecKoii nojiHOTbi 

cnGKTpoB {X D (a,p)} h {X N (a,p)} ^ocTaTOHHO ,a;0Ka3aTb, hto Vfe > 1 b sa^a^e D (N) cymecTByeT co6cTBeHHaa 

(pyHKinia, OTBeHaromaa co6cTB6HHOMy 3HaHeHnio X D (a,p) (X N (a,p)) ^,jia HexoToporo p ^> 1, n iMeromaa k 

Hyjieii b HHTepBajie (0,7r). C noMombio oueHOK 113 pa6oTbi [17] 3a#aHa cbo^htca k Bonpocy o KOJiniecTBe Hy- 

jien b HHTepBajie (0,£ 2 ) cooTBeTCTByiomeH (pymoniH Be6epa. Hcnojib3ya pe3yjibTaTbi o Hynax sthx (pyHKD,HH, 

1/2 

co,a,ep}Kairi,Heca b pa6oTax [17, 24, 25j, nojiy^HM, hto (pyHKiina w(Q (u(x) — (<p (C)) w (C))j OTBeHaiomaa 
co6cTBeHHOMy 3HaHeHHKi X-(a,p) b 3a^,aHe D, HMeeT p—1 Hyjieii b HHTepBajie (0, £2), a (pyHKHiia W\Q, OTBe- 
^aiomaa co6cTBeHHOMy 3HaHeHHio X+(a,p) b sa^a^e N, HMeeT p Hyjieii b HHTepBajie (0, (2)- 

TaKHM o6pa30M, cneKTpbi {X D (a,p)} 3a,a;aHH D h {X N (a,p)} sa^a^iH N acHMnTOTHieciai nojiHbi, a cjie- 
flOBaTejibHO, acHMnTOTHieciai nojiOH h cneKTp {A±(a,p)} sa^a^iH (|l.ip . yTBep^K^eHne (1) TeopeMbi ,n;oKa3aHO. 
KpoMe Toro, ^,OKa3aHO, ^ito co6cTBeHHaa (pyHKH,Ha nepHO^HHecKoii 3a^,aHH, OTBeHaiomaa co6cTBeHHOMy SHa^ie- 
hhk) X±(a,p), HMeeT 2p Hyjieii Ha nojiyHHTepBajie [— 7r,7r). 

SaMeTHM, hto A = — co6cTBeHHoe 3HaHeHHe safla^H N, h cooTBeTCTByiomaa co6cTBeHHaa (pyHKiina paB- 
Ha KOHCTaHTe. TaKHM o6pa30M, ecTecTBemio npe,iinojio>KHTb, hto npn a > 82, n > 1, BbinojiHaiOTca paBeH- 
CTBa l|2.8p . 9to 6y,neT ,noKa3aHO b nyHKTe 16.31 He3aBHCHMO ot pe3yjibTaTOB pa6oTbi [9] . 

6.3. /J|oKa3aTejibCTBO BToporo yTBepxc^eHHa TeopeMbi. PaccMOTpnM o6jiacTb C Us, b kotopoh 
ai — a > C > 0. B 3toh o6jiacTH sa^a^a fle(pHHHTHa. Ilepexofla c noMombio npeo6pa30BaHHa JlnyBHjuia, 
onncaHHoro b |§ 1\ k KjiaccHHecKoii sa^a^e niTypMa-JlnyBHjijia (|1.2p (cm. [4]), CHOBa nojiyHHM, hto co6cTBeHHaa 
(pyHKHHa, OTBe^iaiomaa co6cTBeHHOMy 3HaHeHHio X±(a,p), HMeeT 2p Hyjieii Ha nojiyHHTepBajie [— vr, 7r). Tor^a no 
ocH,HJuian,HOHHOH TeopeMe ^jia nepHOflH^ecKofi 3a^,aHe niTypMa-JlnyBHjijia [3j [4] nojiy^iaeM, ^ito npn a € U^, 
n ^> 1, HMeiOT MecTO paBeHCTBa (|2.8p . IloKajKeM, hto sth paBeHCTBa cnpaBe^jiHBbi Va € J7. PaccMOTpnM 
BejiHHHHbi s„ l0 , s±(a,p), h OTpe3KH /p BH,u;a 



F(a)\ n , a , s±(a,p) = F(a)X±(a,p), 



IT 7T 

2iTp — — — 5, 2np + — + S 
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HHTepBajibi J p He nepeKpbiBaiOTca, h, Tax KaK |-ff±(a;)| tt/2 + n/20 (cm. |§ 2^ , to npn p> 1 HMeiOTca to^iho 
flBa co6cTBeHHbix 3HaneHHa s±(a,p) € / p , Va € J7. TaK KaK ^jia jno6oro (pHKcnpoBaHHoro a npn k 3> 1, p S> 1 
HMeeT MecTO B3aHMHO 0flH03HaHH0e cooTBeTCTBHe {s n ,a\ {s±(fljP)} h S2jt-i, a , S2fe,a G -ffc npn a € J7„, TO 
yTBep»c^,eHHa l|2.8p cnpaBefljiHBbi Va £ J7. Ilpn a > a 2 BbinojiHaeTca HepaBeHCTBO s+(a, fe) > s_(a, fc), h no 
onpe^ejieHHio nopa^Ka s 2 fe,a ^ s 2fc _i, a . OTcro^a cjie^yeT, hto s 2fc _i !a = s-(a,k), s 2 k,a — s + (a,k) Vi » 1 h 
a > a 2 . yTBepjKflemie (2) ,u;oKa3aHO, hto h 3aBepniaeT ,a;oKa3aTejibCTBO TeopeMbi. 
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Ilojiy^eHHbie pe3yjibTaTbi noKa3MBaiOT, hto acHMnTOTH^ecKaa CTpyKTypa cneKTpa sa^a^H Ijl.ip npii g 6 Q, 
a\ — a > C He MeHaeTca npii nepexo,n,e ot ,ne(pHHHTHOH npii a < 02 k HH^ecpHHHTHoii npn a > 0,2 sa^a^e. Ilpn 
3tom npoiicxcyniT TOJibKO CHarae acHMnTOTHHecKoro BbipojK^eHHa, HMeioiiiero MecTO npn a < 02 (cm. (|1.5p ). 
OcTaeTca cnpaBefljiHBoii h ocuHJiJiaHHOHHaa TeopeMa. 

B saKJiio^eHHe c,a,ejiaeM #Ba 3aMeHaHHa. IlepBoe coctoht b tom, hto nojiy^eHHbie pe3yjibTaTbi Henocpe^- 
CTBeHHO o6o6maiOTca Ha nepHO/nraecKyio 3&p,aHj IIlTypMa-JlHyBHjijia fljia ypaBHeHHa BH,a;a y" + \ 2 f(x, a)y = 0, 
ecjiH fljia SToro ypaBHeHHa cnpaBefljiHBbi pe3yjibTaTbi OjiBepa. Otmcthm TaKsce, ^to npHBe,n;eHHbie b nyHKTe (1) 
TeopeMbi pe3yjibTaTbi npn a— 02 > C cnpaBe,ziJiHBbi h 6e3 npeflnojio»ceHHa ^eTHOCTH. BTopoe 3aMenaHHe coctoht 
b tom, hto (pyHKHHH H±(x), no-BHflHMOMy, onHCbiBaiOT acHMnTOTHKy nojiojKHTejibHoro flHCKpeTHoro cneKTpa 

B OKpeCTHOCTH TOHeK THna a — 02, TflJS pOJK^aKDTCa (yMHpaKDT) ^Be npOCTbie TOIKH nOBOpOTa, flJIH 3aBHCaiHHX 

ot napaMeTpa a 3a,n,aH HlTypMa-ilHyBHjijiH, BHe 3aBHCHMOCTH ot Bbi6opa rpaHHHHbix ycjiOBHH (cm. I|6.9p ). 
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